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Preface 

The object of this book is to give an account of some of the impor- 
tant elements of the theory of functions of several complex variables. 
The book presupposes no knowledge of analytic functions of several 
variables, and there is very little duplication of material presented in 
the books by S. Bergman, by H. Behnke and P . Thullen, and by W. F. 

Osgood. 

For the most part, the reader requires only a general knowledge ot 
analysis, of the form contained in a rigorous text on advanced calculus 
together with the elementary concepts associated with the Lebesgue 
integral. In particular only the most elementary concepts of analytic 
functions of one complex variable are used. In Chapters I and III, 
the concepts of groups and semi-groups are used and certain notions 
of general analysis such as Haar-measure enter in. In Chapter VI 
some knowledge of Fourier analysis will be helpful. The treatment 
of Chapter X is algebraic and requires general knowledge of ideal 

theory. , v ^ 

The reader who wishes a quick introduction to the theory oi 

analytic functions of several variables may start with Chapter II. 
Here basic facts about analytic functions of real and complex variables 

are presented. 

The work on transformations is divided into two parts. Chapter I 
is on groups of transformations by formal power series with no con- 
vergence or analyticity assumed. In Chapter III convergence 
requirements are added and the results of Chapter I are carried to 
analytic mappings. The remaining chapters are on the whole inde- 
pendent of Chapters I and III. 

This book was planned and begun in 1940; much of the work on it 
took place during the period 1940—1942. The material of several 
sections was discussed in detail by us with Dr. D. C. May, Jr. during 
1940—1941. This applies particularly to the material on coordinate 
spaces in Chapter III and to the results on removable singularities of 
analytic functions presented in Chapter VIII. These discussions 
were very stimulating and helpful to the authors. The mateiial of 
Chapter X is taken without essential change from the appendix, pages 
257-269, of the Princeton University notes, ‘^Functions of Several 
Complex Variables,” lectures by S. Bochner, Princeton, 1936. This 
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CHAPTER I 


Groups of Transformations by 
Formal Power-series 


§1. CALCtILTTS OF FORMAL POWER-SERIES 

If Xi, • ■ • , Xk are given variables, then a formal power-series is an 
expression of the form 

(1) /(^l> * ‘ • • • , 

with any complex coefficients {a}. The series is said to vanish if all 
of its coefficients are zero. If 

(2) P(^l> ‘ ’ J ” ^n^ni' ' ' ’ * ’ ^A:* 


is another series then the linear combination (o:, /3 are constants) 


(3) 

and the product 

(4) 

are defined by 


‘ ' X 




n, • • • nfc* 


f9 * ‘ * 


a 


jf 

n, - • • njfc 


• n* "4“ * 


and 


JO 


^nj, • ■ • n* 2/Ai-}-Fi"=»ni 


ni • • • n* 




respectively. It can be easily verified that the multiplication (4) 
is associative and commutative. Thus the totality of all series (1) 
is a commutative ring. 

The sum n = ni + ■ • • H- n*; in any individual monomial in (1) 
will be called its order. Likewise this sum n will be called the order of 
the coefficient of that monomial. Denoting by Anixi, • • • , x*) the 
(finite) polynomial consisting of all terms of order n, we may also 
write (1) in the form 2"_oAn(a:). By writing it in the form 
where p is some integer > 0, we will indicate that all terms of order 
< p — 1 happen to vanish. If two series 

V oo A "Voo A ^ 

are given then their product starts formally with the polynomial 

3 
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which is of order p + g, whereas all other terms are of higher 
order. Now, by ordinary algebra, if the product ApA'^ vanishes 
(identically) then at least one factor does. Hence we can easily deduce 
that the product fg cannot vanish unless one of the factors vanishes. 
In other words our ring has no null-divisors. 

Now let 


(5) y\ = • • • , Xk), X = 1, • • • , Z 

be a finite number of series, and let 

(6) ' ' ' y yi) = ^T^oBy{y) 

be a series in yi, • * • , yi, again with complex coefficients. If (6) 
is a polynomial in yi, ‘ , yi, then we can immediately form the 

series 

( 7 ) g[M^)y * • • yflix)] 

and on denoting the coefficients of the series (5), (6), (7) by 

respectively we obtain 

(8) • • • Tljjj ^7l\ • • • Tljfc (aj, h^) 

where each expression oi{a^, hq) is a polynomial in the quantities 
with coefficients hq. But if (6) is an infinite series the corresponding 
expression (8) is in general also an infinite symbol and this is not suit- 
able for the analysis we have in mind. However, if the series (5) 
have no constant terms, that is, if 

(9) /x(x) = S^,Ai(x) 

then (8) is again a finite polynomial. In fact if rii -h • • • -f- n* = n 
then a quantity a\ or a quantity hq cannot actually occur in (8) unless 
its order is < n. We now agree that in the course of the present 
chapter only power-series with no constant term will he considered. The 
ring of those series will he denoted hy R, R[x] , R[y} , R{xi, ■ • ■ , x*}, 
R{yu ‘ * ' i yi}i etc. 

Thus we can state that if /x(x) zR[x] and g{y) eR{y], then (7) 
belongs to i?{x). Now take several series 


( 10 ) 


= Qpiyiy * • ‘ y yi). 


M == 1, • • • , m 
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belonging to R{y\ and an element 

(11) t = h{Ziy • * • , 2m) 

from R{z], We can obtain an element in -R{a;} in two different ways. 
We first form the series 

^M(ic) = * • * , Mx)] 

and then 

(12) h[<pi(x)y * * * , 

or, we first form the series 

yl/{y) = /i[f7i(y), * • • , 9m{y)\ 

and then 

(13) WiW, • • * ,/iW] 

If the series (5), (10), (11) are all finite, that is if in each only a finite 
number of coefficients are different from zero, then (12) and (13) are 
both polynomials. In this case they obviously have the same numeri- 
cal values for all numerical values of the variables” xi, • • • , x*, and 
hence they are equal in all their coefficients. F or the general case, on 
denoting the coefficients of (5), (10), (11) by 

(14) Cr 

respectively, and those of (12) and (13) by Cn and 5n respectively we 
have on the one hand 

(15) €ni...n* = . • . n*.(0tp, Cr) 

( 10 ) . . . n* • 'nfc(®p7 

where the expressions on the right are polynomials in the quantities 
(14). On the other hand we have seen that for any multi-index 
(ni, • ■ • , njfc) these polynomials have equal values for all possible 
combinations of numerical values for the quantities (14) as long as 
only a finite number of the latter values are different from zero. Hence 
for each multi-index the polynomials (15) and (16) are equal for all 
possible numerical values of their arguments and this proves the 
equality of (12) and (13) in the general case. 

Now assume that a finite number of elements 

(17) tv = Kizxy • • • ,Zm), V = 1, • • • ,n 

of R{z\ are given, and interpret relations (5) as a formal analytic 
transformation T from the space of the x-coordinates into the space 



6 


GBOXJPS OF TRANSFORMATIONS 


[Chap. I 


of the 2 /-coordmates which carries the origin into the origin, and simi- 
larly interpret relations (10) and (17) as transformations U and V 
from the y-space into the s-space and from the s-space into the ^-space. 
Then the statement just proved amounts to verifying the associative 
law 

(18) V{UT) - {yu)T 

for combining those transformations successively. In particular if 
n = m = k = I we may let the different spaces coincide coordinate 
by coordinate in which case each transformation is an “inner trans- 
formation” or an “inner map” of the space into itself. Any two 
transformations T and U", if carried out successively, give a new 
transformation UT, and UT may be different from TU] however, the 
associative law (18) always holds. Thus: the family of all inner 
transformations forms a semigroup. The family contains a unit 
element, namely the identity: 

(19) Vi = i = 1, * • • , A; 

Our next step will be to find the inverse of an inner transformation. 
This will amount to solving a system of equations (5) when I = k. 
We will handle the more general situation of implicit functions, and 
we will start with the special case of one “unknown.” Thus we take 
one variable x and several variables yi, • • * , y*, and we consider an 
element 

(20) F(ix]yi, * • • ,y&) 

of Rlx; yi, ■ • • , y/cl, writing its expansion in the form 

(21) aiX -j- ’ * ‘ Vk^ 

In so writing it we have singled out the linear term in x, and the remain- 
ing sum extends over all those multi-indices for which 

(22) {m; ni, • • • , n*) { 1 ; 0, • • • , 0} 

We next replace in (21) the quantity x by a series 

(23) * ‘ * 2/ifc* 

in R{y\i with undetermined coefficients {6p}. This substitution 
replaces (21) by a series in (yi, • • * , y*) which we write in the form 

(24) 


yi\ = SpCp,...p*yf^ ' ' ' yl" 
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We easily obtain an identity 

• • • Pk O’! ’ • pjb "i" ypi • • • pjfcC® j • • • «fc) 


The first term is the contribution arising from the linear term aix 
whereas the remainder arises from the sum in (21). The remainder is 
a polynomial in some of the coefficients {a} of the series (21) and some 
of the quantities However, and this is decisive, on the basis of 

(22) only those bg can occur for which 

(25) O'! + * * * + < Pi 4- ■ * * + Pfc 

Furthermore, if we define the weight of the term to be qi + 

* * * + then the weight of the polynomial Tpi-.- p* in the 6^s cannot 
exceed pi + * * * + Pfc. In particular, if pi + • • • + p* = 1, then 
by (26) the polynomial Tpi-.-p* is independent of the {6<zl. Hence if 


(26) 


ax 9^ 0 


the series (24) will be 0, that is all its coefficients will vanish, if and 
only if 


(27) 


h 


Pi • • • P* 


Tpt ♦ • • Pfc (Q^ > 6 q) 

ax 


If the coefficients {a) are given this is a system of equations for the 
computation of the coefficients hp. We first compute directly those 
coefficients whose order is 1 ; this can be done since as we have seen 
Tpi-.-p* is independent of the [hg] for pi + * - • + p* = 1. Sub- 
stituting these values into the right hand side of (27) we can next 
obtain those bp whose order is 2, etc. Hence, if (26) holds, the equa- 
tion 


(28) F(x; Pi, * • • , 2 /*) = 0 

has one and only one solution in R{yi, • • • , p^t, namely a series 
(23) whose coefficients are determined by the recurrence relations (27). 
An analogous situation prevails for a system of equations 


(29) Fx(a:i, 


, Pi, 


, pO = 0, 


1, 


, I 


I ^ k. In each series Fx we single out the linear terms in the variables 
X thus writing it in the form 


( 30 ) 




m|; nj • • • n* 1 




Vk^ 
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and we replace each quantity /x = 1, • • • , Z, by a series 

■ ■ ■ yt- 

with undetermined coefficients { b ) thus obtaining I series 

(31) * 2/?* 

We obtain a set of identities 


(32) 


'Vi 


Vh 


= S 






+ T 




(a; 


K: 




for which we again have the restriction (25), and in which again 
each is of weight at most pi + • • • + pik in the 6's. Putting 

(31) equal to zero is equivalent to putting 


V— 1 




Pi * • 'Pk 


= — r 


Pi • • *p* 


(a; K) 


and if we assume that the determinant 


(33) A = 1 , . . . , z 

is different from zero, this in turn is equivalent to a system of recur- 
rence relations 


(34) 


Pi • " Pk 


(a; 6«) 


Pi * • ‘Pk 


where each is again a polynomial in the a’s and b^s of weight at 
most Pi + • • * -h p* in the 6’s and (25) is again valid. Thus on 
applying the same type of recursion argument applied previously for 
Z == 1, we see that 

(35) A 5*^ 0 

implies the existence of one and only one set of solutions of the system 
(29). 

A case of special interest arises if, Z being equal to kj each Fj(x; y) 
is a difference fi{x) — gj{y), i = 1, * • * , A;. In this case the coeffi- 
cients ai as exhibited in (30) are simply the linear coefficients in the 
expansion 


(36) x'j =z fj(xi, • • * , Xk) = -f- (higher powers) 

In this case the quantity 

(37) A ^ , 



Il] 


CALCULUS OF POWER-SERIES 


9 


which depends only on the functions //, will be called the determinant 
of the system. Or rather, viewing (36) as an inner transformation, 
we will call A the determinant of the transformation. Whenever we 
denote the transformation by a single letter, such as T, we will also 
write specifically At. Returning now to our equations we obtain the 
following result. If fi{x) and gj(y) are any k elements of R{xi, • • • , 
Xk] and R{yi, • * * j yk] respectively , and if the determinant of the system 
fj is different from zero, then the system of equations 

(38) /,(xi, ■ ' ' , Xk) = Qiiyi, • • • , 2 /&), 3 = I, ‘ k 

has one and only one solution 

(39) Xi = <pj{yxy ‘ ' yyk) 

where the <pi{y) are elements of R{yx, ' • • , 2 /jb}. Denoting the trans- 
formation (36) by T, the transformation 

(40) y'i = giiyiy • ' ' ^yk) 

by V, and the transformation (39) by U, we obtain the following result : 
If T and V are arbitrary inner maps and Ar 0, then there exists a 
unique solution U of the system 

(41) TU = V 

As a particular instance of this result choose for V the identity (19), 
denoting it by I. Then we see: if Ar 5 ^ 0 then there exists a right 
inverse, that is there exists an element t/ for which 

(42) TU = I 

If P, Q, R are three inner mappings of the form 

(43) P: X,- = cf^yi + • • • 4- a/^yk -f (higher powers) 

( 44 ) Q: 2 /i = 6(21 -h * * • + ^Uk -f (higher powers) 

( 45 ) R: Xj = 4^1 + • • • + 4,2* + (higher powers) 

and if PQ = R, then 

(46) 4 = i, ax = 1 , • • • , A: 

In particular 

( 47 ) = Aj> • Aq 

Applying this to the case (42) we obtain 

Ar ■ Ay == 1 

which implies that At 0 is not only a sufficient condition but also a 
necessary condition for the existence of a right inverse XJ . Now 
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multiply both sides of (42) by T on the right. Using (18) we obtain 

T{UT) - {TU)T = 7*T = T = T' J 

However, if TW = TW^ and At 9^ 0 then by the uniqueness result 
proved for equation (41) we conclude that W = W'. Hence we con- 
clude that 

(48) UT == I 

Thus (42) implies (48). In other words: an inner transformation T 
has a right inverse or left inverse if and only if its determinant is dif- 
ferent from zero; the two inverses are always equal. This unique inverse 
will he denoted hy T~^. 

In keeping with customary usage we will call a transformation 
T nonsingular if it has an inverse, that is if Ar 0. It is easy to see 
that all nonsingular transformations form a group. 

The simplest type of mappings are linear mappings. They have 
the form 

(49) Xj = a{yi + • • - -f- aiyj,, j = i, • ■ . ^ ^ 

They again form a semigroup, and the nonsingular ones a group. If 
(43) is any transformation P, the corresponding transformation (49), 
with all terms of higher order omitted, will be called its linear part, 
and it will be denoted by Lp or L{P). By (46), if PQ = R, then 
LpLq = Lr. Also (Lp)~^ = Lp-t for P nonsingular. Thus the transi- 
tion from P to Lp is a homomorphism, i.e. a one-valued correspondence 
which preserves multiplicative relations. Under this homomorphism 
the image of a semigroup of (nonsingular) elements is again a (non- 
singular) semigroup and the image of a group is a group. For an 
arbitrary family of transformations, several transformations may have 
the same linear part, that is the correspondence between transforma- 
tion and linear part need not be one-to-one. If it happens to be one-to- 
one for a given family of transformations, that is if our homomorphism 
is a strict isomorphism, we will then say that the transformations 
involved are uniquely determined by their linear parts. 

It is the purpose of the present chapter to discuss problems bearing 
on this unique determination. 

§2. A THEOREM CONCERNING THE CIRCULAR GROUP 

Given k coordinates xi, • • • , Xk, one of the simplest groups of 
transformations is the group 

(50) T (0) : x'- — e*®x/, j — I, • ■ ■ , k 
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It is defined for all real d, and for each B, it multiplies every coordinate 
Xj by the same factor of absolute value unity. Obviously 

r(0i)r(02) = + 02), == T{-d) 

and 

T{d + 2ir) = T{e) 

We will call this group the circular group. 

Theorem 1. If a semigroup S of inner transformations is uniquely 
determined by its linear parts ^ and if it includes the circular group (50), 
then each element of S is linear. 

Proof. Let 

A: Xj = * * • Vk^y j = 1, * • • , 

be any element of S. The transformation T{d)A has the form 

Xj == • 2/** 


and AT(d) has the form 


that is, 


Xj = ‘ ’ * (e*^2/A:)~* 

Xj = • • • 2 /** 


Since S is a semigroup, both transformations T{d)A and AT (^6) belong 
to S. Their coefficients are respectively 


e 




7 

njL • • • njfcT 




If rii + • * • A- njc — ly the exponential factors coincide and thus 
the mappings have the same linear parts. By hypothesis, being 
members of they must be equal in all other coefficients. However, if 
m A- • * * + njb > 1 , the exponential factors cannot coincide for all 
values of 0, and hence all coefficients of order greater than unity must 
be zero. Q.E.D. 


§3. TOPOLOGY OF FORMAL POWER-SERIES 

We consider for fixed k and I all transformations (5). The general 
coefficient will be denoted by 


(51) 


a 


X 

n, • • • n* 


If { T(o!) } is any set T of such transformations, where a is any index 
which tells the elements of T apart, then the corresponding coefficients 
will be denoted by a\...^^{oc). We now introduce a limit topology 
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in the space of all transformations (6). Since, on the one hand, each 
transformation is a multi-sequence of numbers (51) for X = 1, • • * , Z 
and Til, • • * , n* = 0, 1, 2, * • • , and since, on the other hand, we 
are not hampered by the requirement that the series (5) have a domain 
of convergence, it is very natural (and, as we shall see, very appropri- 
ate) to introduce the ordinary weak topology based upon convergence 
for each coefficient separately. Thus we call a sequence {T’(s)}, 
5 = 1, 2, • * • (weakly') convergent if 

lirn* — • • • «i(^) " • njf 

exists for every (X, , n*). The transformation T whose 

coefficients are the latter limits is the (weak) limit of the sequence 
{ T(s) } . The set T is (weakly) closed if it contains the limit of all of 
its convergent sequences. The set T is (weakly) hounded if each 
coefficient is bounded, that is if there exist positive numbers 

such that 

(52) 

The set T is called (weakly) compact if it is bounded and closed. By a 
known argument, the set T is bounded if and only if every sequence 
{ T{s) } in T contains a subsequence { T(sv) } which is convergent, and T 
is compact if and only if the limits of these subsequences also belong 
to T. 

Now let {T(ck)} be a set of transformations from rr-coordinates 
into y-coordinates and U a fixed transformation from 2 /-coordinates 
to 2-coordinates. In the transformation UT each coefficient is a 
polynomial of the coefficients of T and U. This shows readily that 
if { T{ot) j is bounded, closed, convergent, etc. then the same is true 
for {UT(^<x)]. Similarly if we multiply T{<x) on both sides by fixed 
transformations U and V, then the resulting family {UT(^a)V] has 
the same convergence properties as {T(a:)l. Now let \T{a)] be a 
set of inner transformations in /b ( = 1) coordinates, and let U be any 
other fixed inner transformation (also in k coordinates) which has an 
inverse. Then we can form the new family 

(53) T'(a) = (7-iT(a:)C/ 

The transition from {T'(o')} to {T'(q:)} is called a similarity. Simi- 
larity preserves group operations, since 

U~'^T{ol)U • C/-iT(/3)C/ = U-'^T{cx)T{0)U 
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and 

U-HU = I 

and as we have just seen, it also preserves topological properties. 
Furthermore, similarity is an invertible process, since, putting V 
= we have T{cx) = V~'^T' {ol)V . If we write the transformations 

T{ot), Z7, and U~^ in the forms 

T{<x): yi=fi(x); U: Xi = <Pi(x'); 

U-i: y', ^ ^,( 2 /); j = 1, • • • , /b 

then the new transformation (53) has the form 

Thus it is appropriate to interpret relation (53) in the following way. 
T'(o') is a transformation carrying the point with coordinates (a;) 
into the point with coordinates (y) ; Z7 is a universal change of the 
coordinate system, affecting (x) and {y) simultaneously; and T\a) 
expresses the original transformation T{a) in terms of the changed 
coordinates. 

Finally, assume that T{oi) is nonsingular and consider its inverse 
^( 0 :)“^. If ai(Q:) is the general coefficient of T(a), and Z>il(a) is the 
general coefficient of and A(q:) is the determinant of T(a), then 

on the basis of formula (34) each b^(cc) can be expressed as a fraction 
whose numerator is a polynomial in the coefficients 0 ^( 0 :) and whose 
denominator is [A(q:)]"“+‘’ H ence we obtain the following result. 

Theorem 2. If {T(a:)} is a (weakly) hounded set (i.e. if (52) holds), 
and if there exists a positive constant c such that |A(a)| > c, then the 
set {T(a)~^} is likewise (weakly) hounded. 

This theorem will be applied in due course. 

§4. A Uniqueness Theorem of Henri Cartan 

Theorem 3. If T is an inner transformation whose linear part is the 
identity, that is if T has the form 

(54) x'j == Xj + (higher powers) 

and if the set of iterated transformations { T, T^, T®, ■ - • ) fs (weakly) 
hounded, then T actually is the identity. 

Proof. We write (54) explicitly in the form 

(65) T: = Xj + A^,.(x) + A\^^(x) + • • • 

According to our previous convention (cf. section 1), A^j,(x) is a homo- 
geneous polynomial of order p; the index r in (55) is some integer 
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> 2; and writing T in the form (55) implies, if r > 2, that all the 
coefficients of order > land < r are known to vanish for j = 1, • • • , 
k. Iterating (55) we obtain for the expansion 

T^: x)' = x'j- + 4“ • • • = ajj- + 2Ai(x) -f- • • • 

and in general 

(56) T’: x^^ = Xj 4- sAt(x) 4- * ■ * 

If ri 4- * • ■ 4“ r* ~ r, is any coefficient occurring in (55), 

then by our hypothesis on the set { T, T^j T®, ■ • • } there exists a 

number M which is independent of s such that 

(67) < Af 

Since (57) holds for each s = 1, 2, 3, • * • , we conclude that a' — 0, 
and thus that Ai(x) s 0; and so we find that (54) may not contain any 
nonvanishing coefficients of order greater than 1. 

This is Cartan’s uniqueness theorem. It leads to the following 
conclusion the first half of which was pointed out by Carath^odory. 

Theorem 4. If S is a hounded group of inner transformations then 
the elements of S are uniquely determined by their linear parts. 

More precisely, if T{oi), T((3), • • * are elements of S, if we write the 
expansion of T{ot) in the form 

(58) Vi = cfy{oi)xi 4- 

4~ 0,\(^Oi)Xk 4“ +n* >20’ni • • ■ n*(*^)^l ^ 


and if (j, rii, • • • , n*) is any fixed multi-index, then corresponding to 
any e > 0, there exists a 5 > 0 such that 


(59) 


2 


k 

p,cr»»l 




- <{^)\ < 8 


implies 

(60) 





6 


Proof. If U and V belong to S, then so does T = UV~^, hence 
{T, T^, - • • 1 is a bounded set. If L(U) and L{V) are the linear 
parts of U and V then, as we saw at the end of section 1, 

L{T) = L{U)L{V)-^ 

Hence if L(C7) = jL(F), then L(T') is the identity and by Theorem 3 
T itself is the identity. Thus UV~^ = 7, or U ~ V. Thus the 
elements of are uniquely determined by their linear parts. 
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For the proof of the second half of the theorem, we first assume that 
the group S is not only bounded but also closed, that is, compact. 
Under this assumption if our assertion were false there would exist a 
multi-index (j, rii, • • • , n^), a 5o > 0, and two sequences {!r(o:,)}, 
{T((3,)}, s = 1, 2, * • • , of group elements such that simultaneously 

(61) „,(«.) - > So 

and 

(62) Sj,,_i|a;(a.) - a;(/3.)i < - 

S 

Since S is bounded, there exists a subsequence {sp} of the integers {«} 
such that the sequences { T((x ,^) } and { ) are both (weakly) 
convergent. Denoting their limits by T(a) and T(l3), we also know 
that T(a) and T{l3) belong to S, since temporarily is assumed to be 
closed. From (61) and (62) we now conclude that 

(63) kn, •..«*(«) — > So 

and 

(64) 2‘,_ila;(a) - o;(^)l = 0 

Relation (64) states that T(oi) and T(/3) have the same linear parts, 
whereas (63) implies that T(cx) and T{l3) are not equal. This con- 
tradicts the first half of the theorem, and this proves the second half 
of our theorem under the additional assumption that S is not only 
bounded but also closed. 

Now if S is not closed, we take its set theoretical closure S. It 
consists of all transformations T(a)j T(0), etc. which are limits of 
convergent sequences {^(q:,)}, {T'(^,)), etc. where T(oig), T((3,) are 
elements of S, and repetitions in the sequences are allowed. Expand- 
ing slightly the argument which was used in section 3 we see that the 
sequence of the products T(a,)T(^,) converges towards the product of 
the limits, that is, towards T(dc)T0), Furthermore, we see that this 
product is independent of the special approximating sequences used, 
and that for three convergent sequences the associative relation 

(T(<x.)T0.))T(y.) = T(a,)(T0.)T(y,)) 

in S yields the associative law in S. Finally let T(oi) be any element 
in S, let [ T( a,)} be a convergent sequence in with limit T(q;), and 
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for each s denote by r(/3,) the inverse of T{oL»)y so that 
(65) - I 

Since S is bounded there exists a subsequence of {^»} such that 

T{i3^;) -> T(/8). Thus from (65) we derive the limit relation 

T(oi)Ti^) = I 

and thus every element T (^oi) of S possesses an inverse T(^0) which like- 
wise belongs to S. Thus we see that the closure ^ of any bounded 
group /S is again a group. Now /S is compact, and the second half of 
Theorem 4 has been proved to apply to compact groups. Hence 
Theorem 4 applies to S and so a fortiori it applies to S itself. 

For later use we include the following theorem. 

Theorem 6. If T is an inner transformation with 1At| = 1, and if 
the semigroup {T, T*, • • •} is hounded, then there exists a sequence 

* ' *1, • * ■ » which converges to the 

identity. 

In fact by Carath6odory’s theorem (Theorem 4), it suffices to find 
exponents {p«} for which the linear parts converge to the identity. 
Also it is easily seen that L{T^) = [L{T)Y (compare equation (46)). 
In view of these two facts we need only prove the theorem for a linear 
transformation T — L. Due to the boundedness of there exist 
exponents n^ n^ ^ , such that if we put 

L”*: 3;'- = sLi«/v(s)3;v 


the limits 

exist for j, v = ' 

tions 

I/-”*: 

are also convergent. 


lim ,_,.oo ajy{s) 

- , h. Since lAi"| = 1, the inverse transforma- 

Xj = Sp_„i6/v(s)x,, 

Therefore the sequence 


jr^n«+i • — na — J^na^i—na 


is convergent, and indeed with limit the product of the limit of 
by the limit of that -is with limit the identity. Thus p, = n,^i 

— n, will satisfy the theorem. 


§6. BOUNDED GROUPS OF TRANSFORMATIONS 

In the present section we will deal in substance with linear (inner) 
transf ormations 

T: Vi = i = 1, • * * ; ^ 
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The determinant A = Ar is a polynomial in the a^. Hence, if a 
set { T{oi ) } is (weakly) bounded according to our definition in section 3, 
the numbers A (a) are bounded. Suppose in particular that T belongs 
to a bounded semigroup. Then the set of iterates { T, T®, • • * } 
is bounded. However, 

At* = (Ar)* = A* 

and the set of complex numbers A®, s = 1, 2, * • • can be bounded 
only if a| <1. If T belongs to a bounded group then the set {T~*] 
must also be bounded. In this case we must therefore also have 
A“^| < 1, and since both inequalities hold simultaneously we have 
a| = 1 for T a member of a bounded group. Actually, more precise 
statements are available. It is known from linear algebra that given 
T there exists a nonsingular linear transformation S such that the 
similar transformation 

(66) U = S~^TS 

has special features. In fact, writing U in the form 

(67) Vi = 

it is possible to choose S in such a way that in the matrix ||6J.|| all 
terms under the main diagonal shall have the value zero, that is 

(68) = 0 for At < i 

If the matrix h is thus specialized the diagonal terms 

Xi = X 2 = ’ ■ " > = 5jfc 

are uniquely determined but for their order. They are the character- 
istic roots of the original matrix and are invariant under similarities. 
The matrix of each iterate U* has again all zeros under the main 
diagonal, and its characteristic roots are the s-th powers of those of 
U, namely XJ, * • * , X*. Also, since the terms under the main 
diagonal vanish, the determinant |6Jt| for C/ has the value Xi • • - X*. 
But by (66) the determinant A of T is the same as the determinant 
\K\ of U. Hence the determinant A has the value Xi • • • X*. Now 
in section 3 we have seen that if {T®} is bounded then so is 
Hence each term in the matrix of U* is bounded in s, in particular the 
powers X* are bounded for each = 1, ■ * • , k. This implies 

(69) IXil <1, • ■ • , |X4 < 1 

and this set of inequalities is much more explicit than [a] < 1 which on 
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the face of it, implies only that |Xi • * • X*| < 1. Once (69) is estab- 
lished, the equality |a| = 1 can hold only if 

(70) IXil = |X2l = • ■ • = lx*| = 1 

All of this can be applied to the linear part of any inner transformation 
rather than merely to a linear transformation. 

Theorem 6, If T is any element of a hounded semigroup of inner 
transformations then the determinant At satisfies the inequality |At| <1 
and the characteristic roots of its linear part satisfy relation (69) . 

If T belongs to a hounded group (of inner transformations') then 
[^y| = 1 and the characteristic roots satisfy the sharper relation (70). 

If the set { T, T®, • • • } is bounded and if (70) holds, (or even if 
only |a| = 1 holds), then {T~^, T~^, • • •} is also hounded and thus T 
is an element of the hounded group { T'} , s = 0, + 1, ±2, • • • . 

Proof. The semigroup {T, T^, T®, * * •} is contained in any 
semigroup including T, and thus the first half of the theorem only 
summarizes the preceding remarks. The second half of the theorem is 
a consequence of Theorem 2, since (70) implies |a| = 1. 

If T is linear, then by choosing ^ more judiciously in (66) we can 
obtain not only the relations (68) but also the additional relations 

= 0 for j 1 < {x 


Thus the only coefficients in (67) which may be different from zero are 

X/ = h), yi == j = , k 


However, as is well known from linear algebra, each y, must be either 
1 or 0, and whenever y,- = 1 for some index j, then for the same index 
j, \j = Xy+i- Having brought about this canonical form of the matrix 
|l6i||, we now form the iterated transformation for any fixed 

positive integer s, and we denote its matrix by llc'„||. The latter is 
the familiar (s 4- l)“th power of the matrix 11&',.||, and hence by an 
elementary formula of matrix theory 


c 


7 > 

a 



.lUy U„ 



In our special case, owing to (68), we may restrict ourselves for q > p, 
to such combinations (vi, • * • , v») for which 


(71) P < yi < < ’ ■ ’ < Pn < q 

Now choose a fixed index j, and put p — j, q = j + 1. This will allow 
in (71) only one actual inequality at a time. Thus the coefficient 
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cj+i has the value 

tAJ+i + + • • • + + XJt/ 

Now if yj — 1, then as we remarked earlier in this paragraph, X;., i — X, 
and so we have = (s + 1)XJ- If now |X/1 == 1, then |cj^i| =5 4-1, 
and this is not bounded as s — > <» . Hence if all positive and negative 
powers of U are bounded then no coefficient yj = can be different 
from zero. Hence we have the following theorem. 

Theorem 7. If T is an element of a hounded group of inner trans- 
formations then there exists a linear change of variables S, which may 
depend on T, such that similar transformation U — S~^TS has the 
canonical form 

(72) U: Vi — hjXj + (higher powers), j = 1, • • • , k 
with |Xil = • • • = |,X*| == 1. 

§6. Bounded Groups of Transformations, 

A Generalization of Cartan’s Uniqueness Theorem 

Theorem 8. Any hounded group of inner transformations { T{cx .) } is 
similar to the group of its linear parts [Li^Ti^ci ))] : there exists a trans- 
formation S whose linear part is the identity 

(73) S: x'- = Xj + (higher powers), J = 1, • - * , k 
such that for all ot 

T{a.) = S-^L{Tioc))S 

The proof will be based upon Theorem 3 by way of Theorem 4. 
However, once established. Theorem 8 includes Theorem 3 in the 
following peculiar manner. If T is any transformation whose linear 
part is the identity and for which the set { T', • • • } is bounded 

then (see Theorem 6) the cyclic group (T*}, s = 0, ±1, +2, • • - , is 
bounded. Hence by Theorem 8, there exists a nonsingular S such 
that T — S~^L{T)S. But L(T) = /, hence T = I, as asserted in 
Theorem 3. 

In the course of the proof of Theorem 8 it will be necessary to form 
additive combinations of transformations. If = /^(x) and yj = giix) 
are two transformations T and U and a, h are complex numbers, then 
aT H- 61/ is to be the transformation yj = afj(x) H- bgj(x). If F is a 
third transformation Zj = hj(y)y then the distributive law in the form 

(aT + bU)V = aTV + bUV 
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always holds while in general it does not hold in the form V{aT hU) 
= aVT + hVU. However it does hold even in the second form if V is 
linear. Thus for any linear transformation L, and arbitrary trans- 
formations F, Ti, * • * , Tp, and arbitrary complex numbers ci, 
• • • , Cp, we have 

(74) (ciTi + • • * -H CpTp) • V = ciTi • y 4 - • • • -}- CpTp • V, 

L • {c\Tx • -1“ CpTp) = CiL • Ti + * * * + CpL • Tp 

On the other hand, as we have seen in section 3, the product UW is 
continuous in each factor, as a matter of fact even in both factors. 
Thus 

limp^oo {Up‘V) = (limp^op Up) • F 
limp^oo (L - Up) = L‘ (limp^oo Up) 


provided the limit on the right hand side exists. Relation (75) sug- 
gests the possibility of extending (74) from sums to integrals. 

Assume that a point set G is given, say the interval 0 < a < 1, 
and assume that an inner transformation T{a.) is defined for each a 
in G, 


(76) T(a): 


Vj = 


S 


00 

»i. • • • .n*— 0 


a 


3 


(“)*r‘ • 



f 

n-i ' * * -f- > 0 


We further assume that for certain sets A of G a finitely additive 
measure m(A) is defined for which the total set G has measure 1; for 
instance, if G is the interval (0, 1) the ordinary Euclidean length of 
sub intervals and finite combinations of intervals is such a measure. 
Finally we assume that each coeflficient 

a (a) = a\,..n^{a) 


is (bounded and) Riemann integrable in relation to the measure just 
assumed. Denoting the value of the integral by 

/<3fl^(Q')d^t(Q') 

integrability of a{oL) means that corresponding to each € > 0 there 
exists a partitioning of G into sets Ai, • • • , A, such that for any 
points Qir of A r, r = 1, • * • , 5 , 

aa{a)dtx{oL) — S*_ia(Q'r)At(Ar)| < e 

For the ordinary Euclidean length on the interval (0, 1) this is the 
ordinary Riemann integral, and more generally, for any monotonely 
increasing (nondecreasing) function /li(q:) with /x(0) = 0, /i(l) == 1, 
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this is the familiar Stieltjes integral /Ja(Q:) In accordance 

with our concept of weak convergence (see section 3) we now define 
the integral 

(77) iaT{cc)dtx{a) 

as the transformation whose coefficients are 


(78) 


i aa\^. . . r^J^(x)d^x{oL) 


Since the total measure of G is 1, it follows that if the linear part of 
each T{a.) is the identity then the linear part of (77) is the identity 
UL is any fixed linear transformation 


then the coefficients of L • T{a) are 




and clearly these are again integrable. Hence we can form 
(7-9) SaL • T{a)dp,{oc) 

We assert that 


(80) ioL ■ T{cx)dix{ot) = L • ioT{a)dix{ci) 

In fact, in the case of ordinary measure in the interval (0, 1) we 
approximate to (77) by values 


T. = - [^(O) + t{- 


• 4- T (- 

)1 

s L 

>/ 

V \ s 

)\ 


On the one hand, by (74) 

(81) j ■ t(^\ = L - T. 

On the other hand, by the definition of the Riemann integral each 
coefficient of T, converges towards (78) and hence converges towards 
(77), and thus by (75) the right member of (81) converges towards 
the right member of (80). Similarily the left member of (81) con- 
verges towards the left member of (80), and thus (80) follows from (81). 
This reasoning also applies to the most general measure g(A) and thus 
(80) always holds. 

As a companion to (80) we will also need the relation 

(82) foTioc) • VdjjLia) = (foTioi)d,x(cx)) - V 
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where V is any fixed transformation. The integrability of T{cx) ' V 
follows immediately from the integrability of Tio^. The remainder 
of the proof is essentially the same as for (80), being based again upon 
(75), this time the first part. We omit the details. 

We now turn to the proof of Theorem 8. Writing the linear part 

L{Tia)) of T{a) in the form 

Vi = 

and remembering that by Theorem 4, Tipt) is uniquely determined 
by Z/(T(a)), we see that TipC) is uniquely determined by the com- 
plex numbers 

aj. = <(«), i, = 1, • * ■ » ^ 

Taking the real and imaginary part of each aj,, we obtain numbers 
which we interpret as the coordinates of a point in the Euclidean space 
E of 2fc2 dimensions. Every element a oi G can therefore (be repre- 
sented by, and hence for our purposes) be identified with a point in E, 
and G itself with a bounded point-set in E. Also, since 

(83) L{T{cl) • T(/3)) = UT{ol)) 

the group product ^ol of any two elements a, P oiG is given by 

aii^a) = SLiai(iS)a;(a) 

Thus in the ordinary Euclidean topology of E, the group product 
jSa is a continuous function of ^ and a. 

Now since G is bounded, there exists an additive measure on 

G with the following properties, among others: 

(i) the measure of the total set G is 1, 

(ii) the measure is group invariant, and 

(iii) every function f{cx) on G which is uniformly continuous on G 
(in the topology of E) is integrable. 

For our purpose the best way of expressing property (ii) is as follows: 
If /(a) is any integrable function and /3 is any fixed element, then 

(84) Saf(0<x)diJL(a) = /<?f(o:/3)diu(«) = /<?/(«) d/x (a) = faf(cx-^)dfi(oL) 

Now we see the significance of the assertion of the more precise part 
of Theorem 4. It states that each coefficient of T(a) is uniformly 
continuous on G. Hence (by property (iii)) each coefficient of T(a) 
is integrable relative to our measure. Furthermore since a polynomial 
of integrable functions is integrable, -and since a(ot~^) is integrable if 
a(a.) is (cf. (84)), it follows that the transformation • T(a) 
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is integrable. The linear part of this transformation is the identity 
sixiC0 

X(L(T(a-^)) • T(a)) - - L{T(c^)) 

= L{T(a-^) • T(q:)) = L{I) = I 

We now introduce the transformation 

(85) S = JaL(T(c-^)) • T(a)dfx(<x) 

We first note that the linear part of S is the identity, this follows at 
once from the preceding relation and property (i) of our measure. 
Next let /3 be any fixed element of O. By (80), 

L(T(^)) • S - 5aL{Tm • (B(r(a-0) • T{oL))d^{cc) 

and by the associative law (18) and the relation (83) this is equal to 

iGL{T{^) ■ T(a-O) • T(a)dtx(a) = {aL(T{^oc-^)) • T(a)dM(ioc) 

- ■ r(a/5-i • /S)d/x(a) 

= foL{T(l3oi-^))T(a^-^) • T(p)dfxM 

Finally, on account of (82), this is equal to 

lSaL(T(^a-^)) • T(ia^--^)d,x(<x)] • T(^) 

Now the integrand L(T((3(x~^) - T(a/3~^) arises from the integrand 
L(T(<x-^)) • T((x) on replacing a by By (84), this does not alter 

the value of the integral, and hence, 

L(T(^)) - S = S - T(/3) 

which is the assertion of Theorem 8. 

§7. A Theorem of Behnke and Peschl 

We consider any inner transformation 

(86) U: a;' = gjixi, • • * , x*) = i = 1, • • • , /c 

with no restriction on the values of the smallest degrees rij occurring in 

(86) . We only assume that the determinant 

J (xi, • • ' , acfc) = — — 

I ^ ^ /I J t 1 » • • • * As 

is not identically zero, 

(87) Jixi, • • • , a:*) ^ 0 
Such a transformation will be called nondegenerate. 
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Behnke and Peschl have proved the following beautiful generaliza- 
tion of Theorem 3 (Cartan). 

Theorem 9. If T is an inner transformation of the form 

T\ x'- == Xj + (higher powers) 

and if there exists a nondegenerate transformation U such that the set 
of transformations {UT, UT^j ‘ is {weakly) hounded, then 

the transformation T is the identity. 

We will handle this theorem by showing that if the set { UT, UT^, 
• • • } is bounded then so is the set { T, T^, T^, * • • | itself, and thus 
we will ultimately reduce Theorem 9 to Theorem 3. As a matter of 
fact, we will prove the following more general theorem. 

Theorem 10. a set of transformations {T{a)] is such that their 
linear parts L{T{cx)) are hounded and their determinants are hounded 
away from zero, 

jAr(a)( ^ 5 > 0 

and if there exists a nondegenerate transformation U for which the set 
of transformations {TJT{(x)] is hounded, then the set {T{oi)} itself is 
hounded. 

In particular, if the linear parts of a group {T(q:)} are hounded, and 
if { UT{ol)] is hounded, then {T{ci)] itself is hounded. 

We will first state some simple properties of polynomials, 

I*{^lj ' ’ ’ y ^k) ~ 'I'-nUni • . . ' * * ^k‘ 


whose degrees do not exceed a fixed integer m. 

We will view these polynomials both as formal series and as func- 
tions of their complex variables. Since their degrees are bounded, a 
set of such polynomials is bounded if and only if their “norms” 

(88) ||p11 = 

are bounded. 

Polynomials in one complex variable. 


P{x) = ao + CLiX -f- ■ ■ • + amX”*, (m fixed) 

are a compact family in a strong sense. If a neighborhood \x — x°| 
< r and a constant M are given, then the set of polynomials for which 
|P(x)| < Af in the neighborhood are bounded in norm. By induction 
on the dimension k this can be extended to several variables. If a 
neighborhood 


(89) 


X, 


X 


< r. 


V = X, ' - ‘ , k 
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and a constant M are given, then the set of polynomials for which 
\P(xu Xjc)\ < M is B, bounded set in norm. The converse of 

this being true, and boundedness in norm and weak boundedness being 
obviously equivalent for polynomials, it follows that the following three 
concepts are equivalent for polynomials, boundedness in norm (in 
the sense of (88)), weak boundedness (in the sense of section 3), 
and boundedness in the sense that for every neighborhood (89)* 
there is a constant M (x^, r) such that |P(a;i, • • * , a:*)! < Af in 
that neighborhood. ~ 

Now, consider a system of relations 


(90) Ej„iA,v(x)PX^) = j = I, ■ • ■ , k 


among polynomials P„, Bj, each of degree < m in xi, ■ • 
Suppose that the polynomials A,-„(x) are fixed, with determinant 


Xfc * 


J{x) ^ lA, 


P P—1, 


^ 0 


and let a system of relations of the form (90) hold (with these fixed 
A,-„) for all members (Pi(x; a), • • • , Bk{x; a)), (Pi(x; a), • • • , 
Pk(x; a)) of some two sets of polynomials {Pi(x; a), • • • , Bk(x; a)} 
{Pi(x; a), • • - , Pk(x; a)], where each polynomial B,(x; a), Pi(x; a) 
is of degree < m. Our immediate goal is to show, under the condition 
J{x) ^ 0, that if the set {B{x; oc)\ is bounded, then the ^^solution'^ 
set {P(x; a)} is also bounded. For this purpose we introduce the 

— till 


cofactor C„/ of the element A/„ in the matrix 
by (90) we have 

(91) P. - 




3> t>- 


*i» . . . , fc. T'hen 


J 


Since J (x) ^ 0 and since J (x) is obviously a polynomial, there exist 
a neighborhood (89) and a constant y > 0 such that |/(x)| > y in 
(89). Hence, all elements P, being bounded, there exists a constant 
M such that 1 Pv(x)| < M in (89) for every (Pi, * • • , P*) in {P(x; a)(. 
This implies our desired conclusion. 

Finally, we will prove the following more general result. 

Lemma. Let A;„(Zi, • • • , he a given set of polynomials, each 
of degree :< m, with determinant 


J(t) 



k ^ 0 


Let {Z/(o:)} be a bounded set of linear transformations 


(92) L{ot): tj{(x) = Sj_ia,x(a)xx, j — 1, k 
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with determinants Aua) hounded away from zero. Let {Bi(x) a) ^ • * * , 
Bk{x] O')}, {Pi(x; a), • • • , Pk{x; a)} be two sets of polynomials in 
iCi, • ’ ‘ , Xk, each of degree <m. If a system of relations 


(93) ■ * * }tk(oc)^P vix) ol) Bj(Xy oj), 

j = 1, • • • y k 

viewed as relations in the x’s, holds for each member L(a)y Py(x; a), 
Bj(x’y ol) of the three setSy and if the set {B(x] a)} is boundedy then the 
set of solutions*^ {P(.x; a)} is also hounded. 

If the set {Pix; a)} were not bounded, then there would exist a 
sequence of systems L*, Pt, -BJ, s = 1, 2, • • • , each satisfying (93), 
such that the sum of the norms 

(94) 

is not bounded in s. By suitably thinning out the sequence we may 
assume that the transformations P* are convergent. 

Their limit transformation 


PO: t^i = ^L.ia%xxy i -= 1, • • • , ^ 

is nonsingular. Therefore / (i?, * ■ • , ij), as a function in xi, • • • , 
Xk, is not identically zero. Hence there exists a neighborhood (89) 
such that lt/(t°)l > 2 y > 0 in (89). Obviously there exists an index 
So such that for s > So, we also have lP(i*)l > T in (89). Also, the 
cofactors Cyj(t‘) are bounded in (89), and so are the functions B]{x). 
Hence, by (91), the polynomials Pt are bounded, and thus the quanti- 
ties (94) cannot be unbounded. This proves the lemma. 

Now we can turn to the proof of Theorem 10. We consider the 
first half of the theorem. We take a generic element T of the set 
{ T{ol) j and write it in the form 

(95) T: x)^ Mx) = Sr„iPi(x), i = 1, • • • , /b 

Let A(:ci, • ■ • , a;*) be a fixed homogeneous polynomial of degree 
m, let * • * , Xk) be the polynomial 


A y(a7 1, 


■ ■ , Xk) = 


dA(Xi, ’ ' ' , Xk) 

dXy 


and let p be any fixed integer >1. Consider the series A(/i(x), • • • , 
fk{x)). It is not hard to see that in the latter series the terms of degree 
m A- p consist of 

(96) sLiAv(Pj, • • • , Pj)P;+i + (polynomial in P^, • ■ • , P\) 
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Hence if 

then the terms of degree m + p of the series g(fi(x), * • * , fk(x)) are 
again of the form (96). 

Now, if the transformation U of Theorem 10 has the form (86), and 
if we denote the partial derivative 

dAj.jxi, ' ’ ' , Xk) 
dx, 

by Ajy(xif ' ’ ’ ) Xk), and if we put 

ti = P{(x), j = 1, . - . , 

then by (95) and the assumptions of Theorem 10, for each j — 1, 
■ ’ ' ,k and each integer p > 1, an expression of the form 

(97) , 4)P;+i(*) + (polynomial in , P^) 

is bounded for all T — T(a). We can now prove the boundedness of 
Pg{x) for each s = 1, 2, * • • , by induction on s. For s = 1, the 
boundedness is postulated in the theorem. Now suppose that we 
have already proved the boundedness of PJ, • • • , P^. Then the 
polynomial in (Pj, * * * , Pp) in the second term of (97) is bounded 
and hence the expressions 

2/ 1, * ’ * > ik)Pp^i(.Xij ' ’ ’ ) Xjc^ = Pj^x^j y = l, k 

are also bounded. It is now easy to see that the preceding lemma 
will apply, and we thus conclude that Pp_j.i(x) is also bounded. This 
yields the first half of Theorem 10. 

The second half follows from the first half by use of Theorem 6, 
since in this case, { T{a) ) being a bounded group, we have |Ar(a)| — 1. 
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CHAPTER II 


Basic Facts about Analytic Functions 
of Real and Complex Variables 

It is the purpose of the present chapter to point out some basic 
similarities and dissimilarities between analytic functions of complex 
variables and analytic functions of real variables. In order to have a 
quick start we will define analyticity in teims of power-series. A 
function /(sii, • • • , in a domain of its variables is analytic if in 
some neighborhood of every point ( 2 ?, ■ • * , zX) of the domain it 
is the sum of an (absolutely) convergent power series 

(1) 2 “,... - 2l)"> ■ ■ ■ (Zk — 

The variables zi, • • • , Zk may be all complex, all real, or some com- 
plex, some real. However, analytic functions in all types of variables 
will be reduced to those of complex variables, and hence we will begin 
with a discussion of the latter ones. 


§1. Functions of Complex Variables 

Writing Zj — Xj + iy,, j = 1, • • • , fc, the space of k complex 
variables 2 : 1 , • • • , Sfc is the ordinary Euclidean space Eik of the 2k 
leal variables xi, t/i, X 2 , 2/2 • * * , yk- If {z\, • • • , ;sj) is any given 
point, a very convenient type of neighborhood will be the polycylinder 


0(2°, r) : 



with ri > 0, • * ‘ , r* > 0. If a power-series 


( 2 ) '** 22 * 

is absolutely convergent for \zt\ — or, more generally, if 


(3) 


a 


ni 


‘ njk ^ 


M 






then inside the polycylinder 

C(0, R ) : 


< Ri 


the series (2) is majorized term-by-term by the series of 

30 
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Therefore, if we arrange the terms of (2) into a simple series, that series 
will be uniformly convergent in C(0, r) for any r,- < Rj. Since each 
monomial 2 ”^ • ■ * 2 ** is continuous in all variables, the sum-function 
/(2i, • * * , s*) is continuous in C(0, R). Also, by a familiar theorem 
of Weierstrass on functions of one complex variable, since every 
monomial is analytic in each variable, the function/ is likewise analytic 
in each variable, and the partial derivatives 


(5) 


... 

dzi dZk 


can be obtained by formal differentiation of the series (2) in any simple 
ordering of its terms. Now, if (3) holds, the series for df/dzi is 
majorized by the series 



and similarly for df/dz 2 , * * * , Thus the argument which has 

applied to f{z), can be applied to each function (5), and by induction 
we find that/( 2 ) has mixed derivatives of all orders, and the derivatives 
can be obtained by formal differentiation of (2). In particular. 


dz^>‘ 


( 6 ) ni\ ' ' ' Uk^CLni. . .nk — , . . Q^nk 

Hence 

Theorem 1. An analytic function of complex variables is continuous 
and has (mixed) partial derivatives of all orders which are likewise 
analytic, and for the series (1) we have 


njc iUn, . . . nfc 


a2”‘ * • • dzi’‘ 


If Tj is a domain in the 2 ;-plane, then the point set 

(8) [21 C ^1) ■ ■ ' j C "Rk] 

is a domain in £^ 2 *. It is called a (generalized) polycylinder, and we 
will also denote it by (Ti, • • ' , n). If Tj- is contained with its 
boundary in and if its boundary is a smooth curve C,, and if a func- 
tion /( 2 i, • • * , 2 a) possesses the property in (8) that it is analytic in 
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each variable for all combinations of the other variables, then a 
repeated application of the ordinary Cauchy formula leads to the 
formula 


(9) 


/(2l, * • * , 2 a) == 




— ^2 


L 


/(ri, 


> ^k)d^k 




Zk 


By a striking analysis, which we will reproduce in Chapter VII, F. 
Hartogs has proved that if f(z) is analytic in each variable, it is con- 
tinuous as a function in all variables. 

For the present we will postulate explicitly that f(z) is continuous 
in (8), but we do not make the assumption that / is analytic in Zi^ 
• * • , in (8). From the continuity it follows that / is uniformly 
continuous and bounded on the fc-dimensional manifold 

(10) [ri C Cx, • - • C Ck] 

and thus the repeated integral can be evaluated as a multiple integral. 
Now to show the analyticity of / in six, • • • , Zk in (8) it is only neces- 
sary to show that in a neighborhood of every point (z°) of (8), / is 
representable by a multiple power-series of the form (1) convergent in 
that neighborhood. Without loss of generality we take the point 
(z^) to be the origin (z) = (0). If then each Cj is a circle \^j\ = Rj, 
and \zj\ < Rjj Zj fixed j the expansion 




(f 1 - 2:x) • • • (r* — Zk) ~ "" 

the latter series being absolutely and uniformly convergent in (f) 
on If, I = Rj (for each fixed Zj in \zi\ < Rj). Since /(fi, • - ■ , f^) is 
bounded, we may substitute (11) into (9), and exchange the order of 
summation and integration. This leads to a series (2) with 


leads to 
( 11 ) 


( 12 ) 


a 


<• # # ri}Q 


1 

( 2Tri )^ 



f /(^)^ri • • • dffc 
^ * * * f 


the series being convergent for j 2 ;,j <! Rj. For completeness we note 
that in the particular case under consideration in which Cj is the circle 
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If, I — Rj, the integrals (9) and (12) are to be evaluated by putting 

(13) f,- = 0 < (9 < 27r, dti = iRje^^^ddj = 

Also if instead of the circles |f,| — Rj we take some other circles 
kfi = > Rj (still lying together with their interiors in (8)), then 

the resulting power-series would have the same coefficients. This 
follows immediately from (7), and easily from (12). Thus we obtain 
Theorem 2. If a function f (zi, • • • , Zk), all Zj complex^ is con- 
tinuous in a domain D, and if in the neighborhood of every point it is 
analytic in each variable, then f(z) is analytic in D. 

Theorem 3. If fiz) is analytic in D, all Zj complex, then each expan- 
sion (1) is unique and is valid in every poly cylinder C(z^, R), no matter 
how large, which is contained in D. 

As in the case of one complex variable, formula (9) leads very 
directly to important conclusions. The formula can be differentiated, 
that is 


(14) 


dz^^ • • • dzl>‘ 

= r r /(r)dfi • • • d^k 

(2mr (fi - 21)”-+' • • • (f» - 


If a sequence of analytic functions in a common domain D is uni- 
formly convergent in every compact set S of D then the limit function 
is again analytic, and the derivatives converge uniformly on S to 
the derivatives of the limit. In particular, the power-series around 
any point converge term-by-term. If (2) converges in C(0, R), 
and (a:*^) is a point in C(0, R), then the series (1) can be obtained by 
formal manipulation. Furthermore, if the functions 

(15) Zj = • • • , fi), <P7(0, • * * , 0) = 0, J ^ 1, ‘ k 

are power series convergent in |fx| < px, and if their values lie in 
C(0, R) then the function f(<pi(t), * * * , <Pk(^)) is again analytic in 
the same polycylinder |fx| < px, and its power-series can be obtained 
by formal substitution. Thus we obtain the theorem that an analytic 
function of analytic functions is again analytic . 

§2. Functions of Real Variables 

If (2?, • * * , 2 °), = rcj + iyj, is a point of ^ 2 &, then a real 

environment of that point will be any point set containing a /c-dimen- 
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sional rectangle 

(16) \xj — < Rj, yj = y^, j == 1, • ■ • , /c 

Since the derivatives (7) can be formed by using only points of the 
environment, we see that if a power-series vanishes in a real environ- 
ment of its center, it vanishes identically. Now let f{z) be analytic 
in a domain D in and let /(s) vanish in an environment (16) of a 
point P(z°) in D. First of all, it vanishes at all points of a correspond- 
ing polycylinder C(z^, R^). If P(s') is a point of that polycylinder, 
f(z) vanishes in C(z', R'\ and so forth. But any point of JD can be 
connected with P(z^) by a finite chain of polycylinders, and thus 
f(z) vanishes in D. Hence 

Theorem 4. 7/ fi{z) is analytic in a domain Di, and f^iz) in a 

domain D 2 , if the intersection of and Da is a nonempty domain^ and if 
/i(^)> / 2 (^) have equal values in a real environment of a point of Di • D 2 , 
then fi(z) and 72 ( 2 ) are analytic continuations of each other; i,e. there 
exists a unique function f(z) analytic m Di + D 2 which coincides with 
fi in Di and with /a in Da. 

More generally 

Theorem 6 . If a domain D is the union of domains D«, {ol is an 
arbitrary index) j if each intersection Da * D/j is either empty or a domain ^ 
if fa is analytic in Da, and if, whenever Da * Dp 5 ^ 0, fa. and fp have equal 
values on some real environment, then there exists an analytic function 
f(z) in D which coincides with fa in Da, for all a. 

Any domain T in the real variables Xi, ■ ^ , Xk can be placed in 

the space of z,- = x, + iy, by putting y, = 0. If f(xi, - • • , a:*) is 
analytic in T, if {xj) is any point of T, and if 

fix) = — a;“)”i • • • (a:* — a:J)”* 

in some rectangle |a:,- - xf\ < P,-, then we define Da as the polycylinder 
% xf\ < Rf, and faiz) as the function 

On the basis of Theorem 5 we now have: 

Theorem 6 . If f(xi, ■ ■ ■ , Xk) is analytic in T, all xt real, then 

there exists in the space of the complex variables Zj = a:,- -|- iy, a neighbor- 

hood D of T, and an analytic function F{zi, ■ • ■ , zf) in D, such that 
r ix) = fix) i7c T. 

Also, if two neighborhoods D oi T intersect in a domain, the cor- 
responding functions F{z) are identical in that domain by Theorem 4 . 
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Thus F{z) is a unique continuation of f{x), and as such will be denoted 
simply by /( 2 i, •••,«&). Furthermore, if /i (a;) and / 2 (a;) are analytic 
in the domains Ti and respectively, and if Ti, intersect in a 
domain, then the complex neighborhoods Di and D 2 as constructed 
before will likewise intersect in a domain. Thus Theorems 4 and 5 
also apply to functions of real variables. 

However, we point out emphatically that the second part of 
Theorem 3 does not apply for real variables. It is not true that the 
expansion (1) which has been postulated to hold in a sufGLciently small 
rectangle around the center will of necessity be valid in every rectangle 
in T. The size of the optimal rectangles will obviously depend on 
the thickness of the neighborhood D oi T into which fix) can be 
continued. It is also not true that a uniform limit of analytic func- 
tions of real variables in a common domain T is again analytic, and if 
it happens to be analytic, it cannot be asserted that the power-series 
converge term-by-term. But the following result is true. Let 
/(^i, ' ■ ■ » be convergent in a A;-dimensional lectangle about the 
origin as a center and let (pii^i, * * • , ^i) be fc power-series each 
convergent in a rectangle about (^) = (0), and each vanishing at 
(^) = (0). Then the series f{<Pii^), ' ■ , (pki^)) is again convergent 

in a rectangle about (^) = (0), and this composite series can be 
obtained by ordinary manipulation. Hence it is true, even in real 
variables, that an analytic function of an analytic function is again 
analytic. This can be proved directly by the familiar method of 
majorization of all power-series occurring, or it can be reduced to the 
case of complex variables in the following way. Putting Zj = Xj + iyj, 
we know that there exists a continuation /(zi, • • • , s*) in some com- 
plex neighborhood A of the origin, and again, putting Tx = 
the functions Zj = <Pji^i, * • • , Ta) will likewise exist in a complex 
neighborhood of the origin; also, if the latter neighborhood is suf- 
ficiently small, the values i<pi, * * * » ^k) will lie in A, and thus we 
may apply the complex’^ theoiem. 

§3. Functions of Mixed Variables 

If the series /(z) = converges for < R, then the series 

'Zcnix 4- iy)^, if rewritten as a double series 

R R 

will converge absolutely for la:| < —> jvl < say. More generally, 
if some or all variables z,- in the series (2) are complex, and if we sub- 
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stitute Zj — Xj iyj, then we obtain a convergent power-series in all 
real variables occurring. Furthermore, if / = w -f- iv, then the real 
and imaginary parts u and v are each analytic in all real variables 
involved, and the Cauchy-Riemann equations give 


(17) 


du dv 
dxj dyj 


du ^ dv 
dyj dxj 


= 0 


Now, assume that the function /, as function of its real variables, can 
be analytically continued to a larger domain. This continuation also 
continues the functions u, v, and hence the functions du/dXj — dv/dyj, 
du/dyj + dv/dxj. However, since the latter functions vanish in the 
original domain, they also vanish in the new domain. In other words, 
if an analytic function of real variables, Xi, X2, xz, • ■ • ^ Xn{n > 2 ) 
can be continued and if before continuation it involves the variables 
x\j X2 only in the combination xi + zx2, i.e. if before continuation it is 
actually analytic in the variables Xi + zx2, Xs, ' ■ ’ , Xn then this 
situation prevails after continuation. 

We are pointing out this fact mainly because of the following very 
peculiar theorem some versions of which will be proved in Chapter IV. 
If n > 3 , if f(xi, • ■ • , Xn) is an analytic function of the real variables 
iCi, * • • , rcn on the boundary of a bounded n-dimensional domain, 
and if it involves Xi, X2 only as Xi + 1x2, then it can be continued 
analytically into the total interior of the domain. For n = 2 the 
theorem does not hold. A function f(x -}- zy) may be analytic on the 
boundary of any domain, and not in its interior. 

§4. Conjugate Complex Variables 

Conjugate complex numbers will be denoted by bars. We start 
off with a lemma. 

Theorem 7 . If 

(18) fC^lj tlj ^2j ^2, ‘ ^ p) 

is a function^ given as a power-series, of 2 p complex variables in a 
^p-dimensional neighborhood of the origin 2^1 = ^1 = 22 = ^2 = • • • 
= — ^3, = 0, and if the function vanishes on the 2 p-dimensional 

manifold 

(19) 1 2!i, ^2 ^2j ” ’ * j fp ~ ^p 

that iSj if 

(20) 


0 
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then (18) vanishes identically, that is 
(21) f{z,, ri, * • • , Tp) - 0 

Proof. We introduce the new complex variables 


( 22 ) 


Xa 


"f" Tj 



V 


This is nonsingular linear transformation between the variables 
{Zj, f/) and and its inverse is 

Zj = Xj + iyj, = Xj — iyj 

In the new variables, the manifold (19) is the manifold 
(23) Xj = real, y, = real 

Furthermore, in the new variables, the power-series (18) is a new 
power-series, again convergent, and if it vanishes on (23) it vanishes 
identically (by Theorem 4) , and thus the original power-series vanishes 
identically. 

Now, if f{x, y) is an ordinary function (not necessarily analytic), 
with continuous derivatives df/dx, df/dy, in the real variables x, y, we 
may intioduce purely symbolically, the new “ variables” 


(24) 

2 = X + iy, 

z = X — iy 

with 

z z 

z — z 

2i 

and write, always symbolically. 


(25) 

dz 2 \dx i dy / 

dz 2 i dy ) 

Formulas (25) are arrived at by ordinary calculus as if the letter i 
in (24) were a real number. Putting f = u iv we have 


dS 2 \5a: i dy) 2 \ 

/aw _ a£\ ^ 1 

\dx dy) \dx dy J ) 

Thus 

the Cauchy-Riemann equations, see (17), are “equivalent'^ 


with 


dz 


0 
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More generally, if 

( 26 ) f(xi, 2 / 1 , * * * , Xk, Vk) 

has continuous partial derivatives of the first order, then it is an 
analytic function of the complex variables Zj — Xj + iyj if and only 
if, symbolically, 


(27) 




It is worth pointing out that if (26) is known to be analytic, relations 
(27) may be taken literally. In fact we continue (26) into a complex 
neighborhood of Xj, yj, and then the complex substitution (22) leads 
to the literal relations 


(28) 


_ 1 __ 1 _^\ 
d^j 2 i dyi) 


Now, the literal meaning of the relations (27) is that the function (28) 
vanishes on the manifold (19). However, by Theorem 7, this implies 
that the functions (28) vanish identically, that is, the power-series of 
(26), if transcribed into the “independent^^ variables 2 ?i, Zi, • • • , 
2*, Zkf. shall contain only monomials zJ" • • • z**. 

If /ij * ' ‘ functions in the real variables a;i, • • - , Xny 

with continuous first derivatives, and if we make (cogredient) non- 
singular linear transformations with constant coefficients 


fm = 




m = 1, ' • ' , n 


then the Jacobian remains unchanged. 


d(/l, • • ' , fn) ^ djipx, ' ' • , <Pr) 

diXly ' • ' , Xn) ~~ d(^i, • ■ - , 

This algebraic identity prevails for symbolic transformations, 
if we have real functions 


Thus, 


Uj = Ui{xiy 2/1, • • • , Xk, yk), Vj = Vi{xi, 2/1, • • * , Xk, yk) 

i = 1, • • • , A;, and if we introduce the symbols /,• = Uj + ivj, fj = Uj 

— ivi, Zj — Xj + iyj, Zj = Xj — iyj, we obtain 

d (ui, Vi, ' ' ‘ , Uk, Vk) ^ d(/i, /i, • • • , fk, Jk) 

^(-1, 2/J, • • * , yk) ~ d(zi, Zi, ' ' ’ , ZkyZk 
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A permutation of variables is a linear transformation, hence this is 
also equal to 

(29) ■ • ■ ,h-Juh, ■••,/*) 

d{Zi, Z2, ’ ' ’ , Zk] Zi, Z2, ' ' ’ , ^k) 

Now, if fi = fi(zi, • • • , Zk)f i.e. if the f, are analytic in the 2 ^s, then 
dfj/dzm = 0 and df,/dzm = 0 and by direct evaluation of (29), it is the 
product 

^(/i> • • • >/&) ^ d(/i, • • • ,/fe) 

d(zi, • • ‘ , Zk) d(zi, ' ■ ' ,Zk) 

Hence 

Theorem 8. If fj{zx, ■ ■ • , 2 *), j = 1, • • • , k, are analytic 

functions of complex variables, and if fj — Uj + ivj, then 


d(ui, Vi, • ' ■ , Uk, Vk) _ ^(/i, 
2/1, ‘ ; ^k, Vk) d( 2 i. 


• , fk) 

• ,^k) 


2 


We can now prove an important result on implicit functions for 
analytic functions of real or complex variables. 

Theorem 9. If the functions 

(30) Fj{wi, • • • , ly*; 3i, • • • , zi), j = 1, • - ■ , /c 

are analytic functions of k I variables in the neighborhood of the origin, 
if FjfO; 0) = 0, and if 


(31) 


5 ^ 0 for w = z ^ 0 

d{Wi, • • • , Wk) 


then the equations 

(32) Fi{wi, ■ ' • , Wk\ zi, ' ■ ■ , zi) = 0, i = 1, • • ■ , /c 

have a unique solution 

( 33 ) Wj = Wi{zi, • ■ • , zi) 

vanishing for (z) = (0) and analytic in the neighborhood of the origin. 

Proof. We will reduce this theorem to the corresponding theorem 
in real variables for differentiable functions. We first assume that 
all our variables are complex. Writing the system (32) as a system of 
22c real equations with the unknown real functions Uj, Vj, we see by 
Theorem 8 that its Jacobian is again at (w) — ( 2 ) = (0). Hence 
it has solutions with continuous partial derivatives of first order 
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unique in so far as they vanish at the origin. The reader will verify 
that the chain rule for differentiation prevails for our symbolic quan- 
tities. Therefore, differentiating each relation (32) with respect to 
we obtain 

dWp dZm dzx dZm, 

However, z\ and 2^ are “independent,^’ and hence 


2 


k 

P^l 


dFj 

dWp 


dWp 


dz 


m 



J, m = 1, • ‘ ‘ , k 


Therefore, by ordinary linear algebra, (31) implies dWp/dZm = 0 in a 
neighborhood of (z) = (0) and thus our functions Wj are analytic in 

2i, • * • , 21. 

If the k I variables were real to start with, we can continue our 
functions (30) into a complex neighborhood, and thus reduce the case 
of real variables to the case of complex variables. 

There are many direct proofs of Theorem 9. Some proofs of the 
ordinary theorem can be carried over directly to the analytic case, or, 
Cauchy’s method of undetermined coefficients with majorization of 
the power-series involved can be applied, or, finally, as in the simple 
case z) — 0, the Weierstrass-Hurwitz method of residues can be 

used, 

§6. majorized Families of Functions 

A family {/«(2)} of analytic functions of real or complex variables 
in a common domain D will be called majoiized, if corresponding to 
any point (zj, • • * , z°) of D the coefficients of the power-series (1) 
at that point satisfy an inequality 

1 • • • ■'*'*1 n , . • . n * 

with 

A ^ 

• • • Ri- 

for some Rj > 0. This implies 

• • • r]^ < OO 

for Tj < Rj. 

It is easy to see that derivatives of any fixed order of /a(z) are again 
majorized, and that the functions /a(z), and hence their derivatives of 
any order, are uniformly continuous and uniformly bounded on any 
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compact point set S of D. In the case of complex variables, and only- 
then, will, conversely, uniform boundedness imply majorization, see 
(9) and (12). 

As in the case of one complex variable, if follows for several com- 
plex variables, that any majorized sequence contains a sub-sequence 
which with all its derivatives is uniformly convergent on every com- 
pact set S in D, and that any majorized sequence will be so convergent, 
if it is convergent in a neighborhood of a point, or only in a real environ- 
ment of a point, or if its power-series for one point are convergent term- 
by-term. These assertions carry over to majorized families in real 
variables, on the basis of the following statement which the reader will 
easily verify. If the family /a(xi, * * ■ , Xk) is a majorized family on a 
real domain T, then there exists a common neighborhood D of T in the 
space Zj = Xj + iyj on which all • * , 2 *) exist and are again 

majorized. 

If /(^i, • • • , Zfc; Ti, * * * > fi) is analytic in A: ^ complex vari- 

ables in the topological product of a domain A{z) with a domain 
then the family /f(z) = fiz; with the parameters Tx varying over a 
compact set Sb in is majorized in A{z). This is quite obvious, 

since, being analytic in (z, ^), the function f^{z) is bounded in the 
topological product of Sb with any compact set Sa in A{z). However, 
the theorem also prevails for all variables (z, T) being real, as a con- 
tinuation into complex neighborhoods of (z, will make manifest. 

§6. A THEOREM OF E. E. LEVI 

If • • • , a:*; < 1 , • • • , = Kt{x) is a majorized family in 

the Variables Xi, • • ■ , x^, and if the coefficients of its power-series 
are each (bounded and) integrable in the parameters t\, and if ^(^i, 

• • * , /i) is integrable, but not necessarily bounded, over the point 
set T of the parameters, then the integral 

(34) Bix) = JrK‘(x; t)(p{t)dti ■ • ' dh 

is an analytic function. This follows by substituting power series for 
K{x; t) and exchanging summation with integration, say. This type 
of reasoning for the analyticity breaks down if Kix] i) has singularities 
and more sophisticated methods must be devised. One such method 
has been found by E. E. Levi. Since it has an important place 
in the theory of partial differential equations and can be readily 
expounded, we will exemplify it on a simple case. 

Let <p{tiy U, ts) be an analytic function of real variables in an open 
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neighborhood of the unit sphere 
(35) T: 

We will show that for 0 < X < f , the integral 


(36) F{xi^ xs, xs) 

is analytic for 

(37) 

The surface 


[(^1 — _j_ + (^3 — 

x\ xl xl < 1 


(38) ^2 + & = 1 
can be parametrized by 

(39) = sin O' cos /S, ^2 == sin a. sin (S, ^3 = cos « 

Introducing the third variable p, the reader will have no great difficulty 
in verifying that for each fixed Xi, X 2 ) xz in (37) the transformation 

tv ~ Xy — p ' — X^ J' = 1, 2, 3 

that is 


(40) tv Xy P * (^»> Xv^ 

transforms (35) into 


(41) 0 < p < 1, 0 < ja < TT, 0 < /? < 27r 


Also 


where 


d(^i, tj, tz) 
d(p, <x, 


p’^D(a, /3; a:) 


D(a, /3; x) = 
Thus if we put 


— Xi 

cos OL cos /3 
— sin oi sin /3 


^2 ~ X2 
COS a sin /5 
sin a. cos (3 


^3 — :r3 
— sin a 
0 


( 42 ) ^(P; tj x') — fp(xi piti ^1); Xz -f" p(^2 — ^2), Xz p(tz — ^3)) 
the integral (36) will be 

(43) /J dai'^ d0^l ^ 


f)]'' 
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where 

(44) 0 = (^1 ■” + (^2 — ^2)^ + (^3^8 “ ^3)^ 

The reader will again have no great difficulty in verifying that if 
hj iz) is analytic in (35), the function 4>(p, x) will be analytic in 
all seven variables, in an open neighborhood of 

xl + xl + xl < 1, + + 0 < p < 1 

Therefore, 4>(p, x) in (43) is a majorized family. Similarly D(<x, /3; 
x) is a majorized family. Finally |)]~^ is a majorized family for 

any X 5 0 for x in (37) and ^ in a neighborhood of (38). In fact, for 
any e > 0, xf/ix, t) is > e^, if x\ xl + xl < {1 — 2e)2 and (1 — ey 
< + ^3 < (1 + e)^, and thus for the same values of {x, t), 

[xpix, 0]"^ = exp { —X log \l/(x, t) } is also analytic. Lastly if X < then 
p2-2x ig integrable in 0 < p < 1, and thus the analyticity of (43) fol- 
lows from the original unsophisticated version of our theorem. 
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CHAPTER III 


Analytic Mappings with a Fixed Point 

81 ANALYTIC HOMEOMORPHISM OF THE ENTIRE SPACE INTO A 

PART OF ITSELF 

An entire function of one complex variable cannot omit the neigh- 
borhood of a value (W^eierstrass} and, as a matter of fact, it cannot omit 
more than one value (Picard). A generalization to several variables 
would be that if f{x, y), g{x, y) are analytic functions for all values of 
the complex variables x, y, and if they are independent, that is, if 
their Jacobian does not vanish identically, then the point set ii = /(x, 
2 /)^ y = g{x, y) cannot omit a neighborhood of a point in the (complex) 
(oi, t;)-space. However, such a generalization fails utterly of holding 
(Fatou, Bieberbach). 

Theorem 1. There exists a pair of entire functions 

22 , = x -f (higher powers) 

V — y (higher powers) 

which represent a topological mapping of the space of complex variables 
(x, y) into a proper part of itself. The complement of the image contains 

an open set and 

( 2 -) - 1 
for all X, y. 

Proof. We start off with the functional equation 

(3) <p(.^Xj 4cy) — 4<^(x, y) = a^(2x, —2yY + h<p{2x, — 2y)® 

(a, h are constants). We want to show that (3) has a unique solution 
of the form 

(4) <p{Xj y) — X y 2 p+q> 2 ApQX^y® 

and that the series converges in some neighborhood of the origin. 
On substituting (4) in (3), we obtain 

2p+9>2(4^^'^ - 4)dpgXJ’2/« = 2p+«>2PpflXP2/® 


(5) 

where 


ppQ — Pj><i(^> A^j») 
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is a polynomial in a, b and those A^y for which /jl v < p + q. Thus 
the relation 


A 


PQ 


Ppq(j^j b, Afxp^ 
4p+g — 4 . 


will inductively determine a unique set of coefficients. In order to 
prove the convergence of (4) we compare (3) with 

(6) yp(2x, 2y) = a[2(x + y) + ^p{2x, 2y)}^ -j- h{2(x + y) + xl'(2x, 2y))« 
of which we set up a solution 

O) y) = 2p+3>2^pg.xPy<^ 

We obtain a similar recurrence formula 


U b, JB^y) 

with fx V < v q again holding. Now, the reader will verify 
that for any a, b, C^y the inequality 

holds. Also 4^'^« 4 > 2^*^® for p q ^ 2. Hence it is sufficient 

to prove that (7) is convergent. Finally we compare (6) with 

^(i) = a{t + }2 - 1 - h{t + ^( 01 ® 

It has a unique formal solution 

( 8 ) ^(0 = 

and since T^(2(a; + y)) is a formal solution of (6) we have only to 
verify convergence of (8). Now, u = 4^(0 is a formal solution, which 
vanishes at the origin, of the equation F(^t, u) = 0, where F{tj 11 ) 
u — a{t uy — b(t + u)^. Since dF/du = 1 for t = u = 0,' we 
know by Theorem 9, Chapter II, that this equation does have an 
analytic solution and therefore (8) must be it. 

Now, let i?, 0 < 22 < 00 , be the largest number such that (4) 
converges in the polycylinder \x\ < R, \y\ < R. We can write (3) 
in the form 

(9) <p(x, y) = (^, (^> + bv (| 

^^d by analytic continuation from the neighborhood of the origin, 
we see that <p{x, y) satisfies the last relation in the whole poly cylinder! 
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Now if R were ifiliiite, we could use relation (9) to find an analytic 
continuation into the polycylinder with R' — 2R. Thus R = <», 
and <p(Xf y) is an entire function. 

We construct <p(x, y) for the special values a = 5, & == 2. Put- 

ting 

rp f(.x, y) = <p(.x, v) = X + y + (higher poweis) 

■ g{x, y) = - 2y) = 2(a: - y) + (higher powers) 

we obtain 

/(2x, ~2y) = gix, y) 

g{2x, -2y) = 4/(a:, y) + 2gix, y^ - 5g(^x, y)^ 


If we define 
( 10 ) 

then we find 
( 11 ) 

Putting 


u(x, y) = /(2a:, —2y) 
v(x, y) = g{2x, —2y) 


g{x, y) = u{x, y) 
f(x, y) = ^{v — 2u^ + 


J (x, y) 


d(f{x, y), g(x, y)) 
dix, y) 


we have on the one hand 


^(^> ^) _ ^(/(2^, 2y), 6^(2 x, ^2/)) _ 4,J(2x, —2y) 

d(x, y) dix, y) 


and on the other hand 


diu, v) 
dix, y) 


dx 

4 — + (10^^ - lO^r) ^ 
dx dx 

= — 4J(x, y) 


dy 


4 ( 10 ^^ 
dy 


lOg) 


dy 


By comparison, and subsequent iteration, we have 

J i^, y) = ~ (^_ 2)0 

= J(0, 0) = -4 

Thus J(x, y) == constant. Furthermore it follows from (10) that if 
ifix, y), gix, y)) should map two different points (xi, y{), (x 2 , 2 / 2 ) into 
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equal points, it would map 2 /i/( — 2)’^), ( 0 : 2 / 2 ”, 2 / 2 /( — 2)”) into 

equal points. Thus in every neighborhood of the origin there would 
be different points which are mapped into equal points. Since 
J{0, 0) 0 this is contradictory (by the corresponding theorem on 

ordinary differentiable functions). Thus T' is a topological trans- 
formation of the space into part of itself. We are going to show that 
the image avoids a neighborhood of the point x = I, y = 1.. If for 
some X, y 

u(Xj 2 /) = 1 + P, v{Xj y) = 1 a with \p\ < e, \a\ < c 
then by (11) 


p = 1 H“ P 

/ = 1 -H i(o- — 15p2 - 20p» - lOp^ — 2p») 

and thus for some e < 1, independent of (x, y), we have \g — ij :< e, 
1/ — 1 1 e holding for the same € as above. Thus by (10) the 
inequalities \u{x, y) — l| < e, \v{x, y) — l| < € would imply the same 
pair of inequalities for (x/2”, 2 //( — 2)”). But u{0j 0) = v(0, 0) == 0, 
and we again have a contradiction. 

Finally we obtain the function (1) of the theorem by changing 
X y, 2{x — 2 /) into x, y in /(x, y), g{Xj y). This linear transforma- 
tion is a one-to-one map of (x, 2 /)-space into itself and preserves the 
properties of /(x, 2 /), p(x, y) accoidingly. 

§2. THE Uniqueness Theorem of h. Cartan 

Following Carath^odory we will call a sequence of continuous 
functions in a domain D, or more generally, a sequence of continuous 
transformations of a domain D, continuously convergent in Z), if the 
sequence is uniformly convergent in every compact set S oi D. The 
intrinsic significance of the concept need not be discussed for the 
present. 

Let Z) be a domain containing the origin, and consider transforma- 
tions of D (by means of analytic functions) which leave the origin 
unchanged. Thus a transformation of this sort has the form 

T\ z'j == /,(2:i, • * • , 0fc) y = 1, . . • , /c 

where the fj(z) are analytic in D and vanishing at the origin. Often 
we shall write T in the form 


(12) T\ 2 '. ~ fj{z) ^ ajiZi • • * 4- ajjoZk + (higher powers) 
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by which we mean that T is representable throughout D by means of 
analytic functions/, ( 2 ;), and that in a neighborhood of the origin these 
functions have the expansions indicated. Now if a family of such 
transformations is majorized according to the definition in section 5, 
Chapter II, then their expansions, if looked upon as formal power- 
series, are weakly bounded according to the definition in section 3, 
Chapter I. Furthermore, if a sequence of {analytic) transformations 
is bounded in a domain D, then the sequence is continuously convergent 
if and only if it is weakly convergent. The fact that a continuously 
convergent bounded sequence is weakly convergent follows immedi- 
ately from formula (12), Chapter II. The fact that a weakly con- 
vergent bounded sequence in D is continuously convergent in a 
neighborhood of the origin follows immediately from the power-series 
development of the functions. We can repeat this argument with 
any point of this neighborhood ; and so, by the method used in analytic 
continuation, extend the domain of continuous convergence throughout 
D. This equivalence of continuous convergence and weak conver- 
gence for bounded sequences of analytic transformations leads to many 
concrete interpretations and conclusions from the results of Chapter I. 
We first state the following conclusion from Theorems 3 and 9 of 
Chapter I. 

Theorem 2. If D is a domain in the space of k complex variables 
containing the origin, and if 

(13) z] = fi{z) = Zj + (higher powers) / = 1, - • • , fc 
is a map of D into part of itself, thefi{z) being analytic in D, then 

f^{z) = Zj, / = 1, • • • , /b 

whenever D is hounded. Instead of assuming that D is bounded it is 
sufficient to assume that there exist k power-series 

Wj{z) = S«„,,^Ai,(2) (^/ > 1) 

with the following three properties: (i) each series is convergent in a 
neighborhood of the origin and can be continued along any path in D; (ii) 
the values of the functions thus continued are bounded and (iii) 

< 9 ( 2 : 1 , ' • ’ , Zfc) 

Remark. As in section 1 of Chapter I, Al^iz) is a homogeneous 
polynomial in zi, • • • , z* of degree n. 
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We emphasize that the functions Wj(z) need not be (one- valued) 
analytic functions on D; we only require that each wj{z) shall exist on 
the universal covering domain of D. 

By combining Theorems 1 and 2 of the present chapter we can 
obtain an interesting result. Take the functions u{x, y), v(x, y) of 
Theorem 1. (Remember that x and y are here complex variables.) 
These two functions map the total {x, 2 /) -space topologically into a 
domain D which omits an open set. Hence they are a pair of func- 
tions beginning with x, y respectively which map the domain D into 
part of itself without being the identity. Hence D does not fall under 
Theorem 2. Let us denote by (xo, 2 / 0 ) a point which together with a 
closed sphere \x — xo\^ + I 2 / — 2/ol^ lies outside of D. By 

Theorem 1 there exists such a sphere with 6 > 0. Then D is contained 
in the domain 

ic — xo\^ + \y — yo\^ > 


and thus by Theorem 2 there cannot exist a pair of functions w\{Xj y). 


y) in the domain \x — Xop -h 12/ — 2/o|^ > which are bounded 
and have a non-vanishing Jacobian. On writing 


y, = y - yo 
€ 6 

we conclude the same result for the exterior of the unit sphere 
+ \y\^ > that is, there does not exist a pair of functions W\(jXj 2 /), 
'*^ 2 (^, 2/) in the domain |a:|^ + 12/1^ ^ ^ which are bounded and have a 
non- vanishing Jacobian. 

§3. Criterion for a Transformation with a Fixed Point to 

BE AN Automorphism 

Transformation (13) is a very special kind among those transforma- 
tions of type (12) for which 

(14) 1At| == 1 

where, as in Chapter I, Ar is the value of the Jacobian of (12) at the 
origin. 

Now, H. Cartan and Carath^odory have found that the mere 
assumption (14) leads to a significant conclusion. All other assump- 
tions in Theorem 2 being unchanged, relation (14) can hold for a 
transformation (12) of a bounded domain into part of itself only if 
our transformation is an automorphism, that is, a topological trans- 
formation of D into (all of) itself. W^e will have a simpler proof of 
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the theorem, again generalizing it to majorized semigroups of real 
transformations. 

Consider a real analytic transformation 

T: Vj = a{xi -f • • • + p,(x), j = 1, • • • , /c 

The series gj{x) are terms of order > 2, also Ar 0, and T is a one-to- 
one transformation of a domain D* containing (x) — (0) into a domain 
Du containing (u) = (0). The quadratic form 

vl vl = + • * • + a^Xk)^ 

is strictly positive definite. Hence there exists a number ^ > 0 such 
that 

vl ‘ ‘ + vl> ' {xl ' A- xl) 

On the other hand, in some sphere xj + • * * + QiixY + 

• * ' + • (xi -j- • • ' + Hence 

> [^ - B • (x? + ■ • • + • (x? + • ■ • + x|)» 

Thus, putting p = min (cr, A/2B), ro = -Ap/2, we see that on the 
boundary of 

(15) xj + • - • + xl\<\p^ 

we have ”i“ * ’ * “h — ^o* Since T is one-to-one, the image 
of (15) is a domain. This domain contains the origin, and its boundary 
lies outside the open sphere of radius ro. Therefore, Du contains the 
sphere 

(16) “^1 "h * ' ■ + '^1 .^0 

Now consider a family of one-to-one analytic transformations {T}, 
with the origin as fixed point and assume that they are a majorized 
family on a common domain Dx and that Arj > c > 0. It is not 
hard to see that in this case the quantities A, <r, p, ro can be chosen in 
common, and thus we obtain the following lemma : 

Lemma 1. The iviciges Du contain a common sphere (16). 

Our conclusion from this lemma will concern any majorized 
sequence of transformations with no fixed point requirement. If 
Tnj ’ • * , etc. is the transformation of a domain D, then the image 
of a point P, or of any subset >S> of D will be denoted by T{P), Tn{P), 
TiS), Tn{S), etc. 
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Theorem 3. If 

y'i ‘ y = 1, • • • , /c 

^ == 1, 2, 3j • • • , ^s a majorized sequence of transformations of a 
domain D in Ek {by means of analytic functions /”(cc)), if the sequence 
is continuously convergent to a transformation 

2 ^ 0 : Uj f 9 {x) 

if P is any point of D, if Pq = Tq(P)^ and if the Jacobian of To at P is 
different from zerOj then there exist a radius r and an no such that the 
sphere of radius r with center at Po is contained in Tn{D), n > no. 

Writing 

■P: iA, ■■■, A); T„{P): (w” ■ ■ ■ ,ul) 

we put for each and every n, 

Uj — U^ coj 

and we consider the system of equations 

* * ■ > ^k', COi, * * * , COk) ^ f^{Xp ^p) — {u^ + CO/) == 0 

With CO in the place of x, u the assumptions of Lemma 1 are fulfilled, 
including assumption (16) for n > ni. Thus a sphere 

- u^r < rl 

of fixed radius ro is contained in Tn(D)y n > ni. Since Tn{P) — >Po as 
n > oo y the conclusion of our theorem will hold for r = ro/2, say, 
and some no > ni. 

Theorem 4. If (12) is a transformation with property (14) of any 
domain D containing the origin into part of itself, and if the sequence of 
iterates 

(17) [T, T\ Ts, • • •} 

is majorized, then the transformation T is an automorphism. 

W^e will first prove that T is a one-one transformation of D into 
part of itself. Consider any two points P, Q which T maps into the 
same point T{P) = T{Q). This implies 

(18) T-{P) = T"((Q), n = 1, 2, • ■ - 

However, hy Theorem 5, Chapter I, there exists a sequence { T”* } 
which converges (weakly) to the identity transformation. But, 
since the sequence {T”*} is majorized in E, and hence bounded, in 
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every compact set S of Z), it follows from the italicized statement 
preceding Theorem 2 that the sequence { T”* } converges continuously 
in D to the identity transformation. From the mere convergence of 
{T^^\ to the identity we conclude that 

r«*(P) P, Q 

Thus (18) implies P = Q, and hence P is a one-one map of D. 

We are now going to apply Theorem 3. The point set is 

contained in P(Z>), P"* converges continuously in Z) to a transforma- 
tion with nowhere vanishing Jacobian, and T^*(P) — > P for each P 
in D. Hence for each P in D there exists an open sphere which con- 
tains P and which in turn is contained in all P”*(Z)) for s > so. Thus 
there exists an open sphere which contains P and which in turn is 
contained in T{D). Therefore P(Z)) cannot be a proper part of Z), 
and the proof of the theorem is completed. 

Corollary to Theorem 4. If D is a domain in the space of complex 
variables containing the origin, if D is hounded, and if (12) is a trans- 
f 01 motion of D into part of itself with property (14), then T is an auto- 
morphism of D. 

If D is not hounded hut possesses the alternative property stated in 
Theorem 2, and if (12) is a transformation of D into part of itself with 
propel ty (14) for which the linear parts [Lt, Lt^,Lt*, * * *} oro hounded, 
then T is an automorphism. 

In fact, if D is bounded, the sequence (17) is automatically bounded; 
in the more general case, the sequence (17) is bounded in virtue of 
Theorem 10, Chapter I. 

§4. GROUPS OF AUTOMORPHISMS WITH FIXED POINT 

Our next task will be to substantiate Theorem 8, Chapter I con- 
cerning groups of transformations. We first observe that if a group 
of transformations {P(a)} is not only weakly bounded but also 
majorizable then the transformation 

(19) S = JcL(P(a-0) • T{oi)d^{cx) 

which carries the group into a similar group of linear transformations, 
is represented by power-series which in the neighborhood of the origin 
have a domain of convergence. In fact, if the family {P(q:)} is major- 
ized then the family is majorized and hence the family 

{Z(P(q'-i)) ■ P(a)} is majorized. And now we have only to observe 
that if 

jcm . . - n*,(Qi!) j A.ny...nk 
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then by property (i) of our group measure given in section 6, Chapter 
I, we also have 

(20) < A ni * * • txjt 

Thus Theorem 8, Chapter I leads to the following conclusion. 
If { T(a ) } is a group of automorphisms of a domain D with the origin 
as fixed point, and if the group is majorized (for instance, for complex 
variables, if D is bounded) then, geometrically speaking, there exists 
a change of coordinates in the neighborhood of the origin, such that 
the given automorphisms are linear transformations in the new coordi- 
nates. This suggests generalizing our theorem to domains D in 
general coordinate spaces in which changes of coordinates are intrinsic 
to the definition of space. 

A {real) analytic space S*; is defined as follows. 

I. S* is a connected point set of dimension k in which a topology 
is defined by open sets. 

II. There exists a covering of S* by open sets U such that each U 
is the homeomorphic image of a domain T in a fixed Euclidean Ek'. 
{xx, * • ' , Xk). These mappings/: V U assign to each point of a 
set of parameters {xi, • • • , Xk). 

III. If the intersection Ui^ C/a is not empty, then the points of 

this intersection receive parameters (a;i, • * • , Xk) by /i: Vi — >Ui, 
and parameters {x[, • ' • , x'^) by /a: Ea — > C/a. Thus there is defined 
a mapping /^Vi in Ek of a subset of Ti onto a subset of Ea by equations 
Xj- = Xj{xi, * * • , Xk). It is required that all these mappings in each 
connected component of the subset involved shall be analytic, and 
that the Jacobian d{x[y ‘ , Xk)/d{xi, * * * , Xk) be positive at 

every point where the mapping is defined. 

In addition to the mappings just described, consider any other 
homeomorphism /' : E' U' between a domain E' in Ek and a domain 
U' in 2* which is related to the mappings / in the manner described. 
All these mappings (including the mappings /) are called allowable 
mappings, and the resulting parameters on some domains in 2* are 
called allowable coordinates. 

For a complex analytic space 22*, we define I and II as before and 
modify III in the following way. 

Ill (complex). Denoting the coordinates of Ei by Xx, yx, x^, 
2 / 2 , * * * , Xkj Vk and oi V 2 hy x\y y 2 , * * • , y'k, and putting Zj — Xj 
+ iVh — x'j + iy'j then the homeomorphism /^Vi shall be expres- 
sible by analytic functions — 2 ^( 21 , • • • , 2 *) . 

A function in a domain of an analytic space is analytic if in the 
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neighborhood of any point of the domain it is an analytic function of 
allowable coordinates. More generally, a transformation T from a 
domain of one analytic space into another analytic space (of equal or 
different dimensions) is analytic if, Po being a point of the domain, 
and Qo its image under T, there exist a neighborhood A^(Po) with 
allowable coordinates Xi, * • • , and a neighborhood A^(Qo) with 
allowable coordinates x^, ' • ' , x'l such that (i) the image of iV’(Po) 
under T lies in N{Qq) and (ii) the transformation of N(^Pq) into 
N{Q(y) can be expressed by analytic functions x'x = /x(a:i, ’ • * , Xk). 

Theorem 8, Chapter I gives the following theorem. 

Theorem 6. If J^ 2 k is a complex analytic coordinate space, and D is 
a domain in 22 *, then corresponding to any compact group of automor- 
phisms of D with a point O as fixed point there exist allowable coordinates 
with O as origin, such that in this coordinate system the given automor- 
phisms are all linear transformations. 


§5. Analytic Mapping of Spherical Surfaces onto 

Each Other 


We consider a finite number of power series 


(21) fi{z) = 


T'oo 


pTtjk. 











{Zp — Xp -jr iyy) assumed convergent in a fixed sphere 

Sr-. Izil^ + • ■ ■ + < R\ 

Our purpose in this section is to derive a set of necessary and 
sufficient conditions on the functions fjfz) in order that the mapping 

^3 = • • • , Zk), j = 1, 

shall carry each spherical hypersurface 
stant ( < R^) into points of some spherica 
+ = constant. For this purpose we form the sum 

( 22 ) 

Since 

(23) 


h 


Zi\‘^ + • • • + = con- 

hypersurface |wi|^ + • • * 


5«i 


f^{z) = 2XC-.. 

we obtain, on introducing the numbers 


^ L, 


(24) 

the expansion 

(25) 


C 


— T** 


,(/) 


m, 


wifc.ni ' • • 




y) 




* — njfc 


iC f. 
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the latter “ double series being uniformly absolutely convergent. 
Putting 

(26) zi = * • * , = rAe*^**; = \zy\ 

we obtain 

F(x, y) = * * /•^*+"*giC(n»i-nO<pi+ * * ' +Cm*-nfc)<p*) 

Introducing the numbers 5i = mi — ni, • • • , 3* = m* — n* and 
collecting terms suitably we hence obtain a series 

oo^siri, • • * , 

This series being uniformly convergent in all variables, it is the 
multiple Fourier series of its sum function which is a periodic function 
with period 2'7r in each variable • • • , <pk. 

We now assume that F{x, y) depends only on ri, • • • , rt, thus 
being constant in , (pk. In this case only the constant term 

of the Fourier series is 5*^0, and thus we obtain = 0 for 

+ ’ * ' + > 0. Since = riy dy, we have 

Bs = 

the sum extending over those nonnegative values of ni, - • • , 
for which the sums n„ + are >0. The series is absolutely conver- 
gent for rj + • • • + < j !?2 and it can vanish only if all its coeffi- 

cients vanish. Thus we obtain 

(27) 

• • • • • Tljfc 0 if 

(mi — ni)2 -j- . . . Q 

and hence 

(28) F(x, y) = 

W"e now further restrict F(x, y') to have a value which depends only 
on rj 4- • • • -f r| = Introducing the quantities h = rl, • • • , 
= rl, t = r^, we have 

F(x, y) = 

and this represents an analytic function of the variables h, - ^ tk 

in the neighborhood of the origin. Replacing the variable ti by 
< = 4 • • ■ + and leaving « 2 , • • • , unchanged we obtain a 

function G{t', ^ 2 , * ’ * , tk) which again is analytic for small values of 
its variables. By our assumption on F(x, y), if t has any fixed (small) 
positive value, then G{t\ ^ 2 , * *^ * > ^a) is constant for ^2 ^ 0, * * * , 
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^ 0, ^2 + ’ * * -i“ < ^; hence, by analytic continuation, it is 

identically constant in the variables ^ 2 , • * * , <* for each positive 
value of t. In particular G{t\ U, • • * , tk) ^ G{t] Q, • • • ,0), for 
small positive t. Now for each (^ 2 , ' ' ' , tk) both sides are analytic 
in tj and therefore this identity is valid for all small L Now the func- 
tion G{t] 0, • • • ,0) has some power series therefore 

we obtain 


SnCn.nt? 


• • C* = + • • • + tk)^ 


In other words there exists a sequence of constants An such that 


(29) Cn 




nil 


N\ 

• * • nk\ 


An, 


iV = ni -f- • * • -f- n* 


Thus we have reached the following result. 

Theorem 6. If 


(30) Wj = Mzi, • • • , Zk)y j = 1, ‘ , h 


are h functions with 'power-series (21) convergent inside so'me sphere Sb, 
then the sum 


(31) . -j- = |/l(s)l^ - -j- |/;i(2:)|2 

is dependent on 


(32) 



that is, the transfoi'mation (30) carries each spherical hyper-surface 
r = const, into points of some spherical hypersurface 

(33) + * • ■ + \wh\‘^ = const. 

if and only if the following two sets of conditions are satisfied: 


(34) 

and 

(35) 




• "1* 


a 


(;■) 


= 0 


for 

(mi — ni)2 4- • • • + (mjb — n*)^ > 0 



(ni -f- • • * + n^t) ! ^ 

• ; ; -A nl^ l-n* 

ni! ■ • • nA 


where An, N = 0, I, • • • , are suitable nonnegative numbers. 

Introducing for each multi-index ni, ■ • ' , Uk the vector a Ml ... n* 
with the h components relation (34) requires that any two 

of these vectors shall be (unitary) orthogonal, and relation (35) 
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implies in particular that all vectors for which Ux Uk has 

the same value N shall be either all 0 or all 0. On the other hand, 
in the space of h components there can be at most h nonvanishing 
vectors which are mutually orthogonal. Thus the number s of non- 
vanishing vectors must be a number h and s must be a sum of some 
of the following numbers 


(36) 1, 


k 

T 


k{k + 1) 
1*2 


k(k + 1) • • ^ (k + N - 1) 
1 • 2 - • • AT ' 


no repetitions being allowed. 

Thus ii k > 2 and h < k we can only have s = 1 which leads to 
the trivial transformation Wj = c,*. Thus, but for that trivial trans- 
formation, there is no transformation as described in our theorem from 
a space into a lower-dimensional one. The case h ~ k is very inter- 
esting since it establishes a sharp difference between the classical case 
k ^ 1 and all other cases k '> 2. For A; = 1 all numbers (36) have 
the value 1 and all transformations w = cz^ (A^ = 0, 1, • • * ) are 
admissible. However, for k > 2, the numbers (36) from the third 
onward are greater than the common value of h = k and thus the 
only possibility is s = 1 or s = A;. The first is the previous trivial 
transformation Wj — Cj, whereas the second is the important class of 
transformations 


(37) 
with 

(38) 


W4 


'vfc 


,(J). 





k 


2,- 


\ A(7^ 0 ) 


if 

if 


m 7 ^ n 
m = n 


Dividing by “s/ A we obtain constants with the property 


(39) 


K 




r= |o 

\ 1 


if m ^ n 

if m = n 


A matrix [5^] of this description is a so-called unitary matrix. Linear 
transformations with unitary matrices are topological transforma- 
tions which preserve the Euclidean distance from the origin. Thus 
we have the following result: For k >2 the only transformations 
as described in Theorem 6 which carry a neighborhood of the origin 
into 'points of the same space and which do not map all points into one 
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'point are {topological) linear transformations of the form (37) with (38) 
holding for some constant A 9 ^ 0. If in addition we ask that the Eucli- 
dean distance from the origin is preserved^ then the transformation is a 
unitary linear transformation. 

The case h > k admits nonlinear polynomial transformations; 
however, for k > 2, the degree of the polynomials is bounded in terms 
of h (and k), but not for k — 1. 

§6. Schwarz’s Lemma and the Hadamard Three-spheres 

Theorem 

If G{t) is analytic in the closed unit circle |i| < 1 and if G{0) = 0, 
then Schwarz’s lemma states that 

(40) |<?(0| < M maxo<,>< 2 x |(?(e*’^)l, \t\ < 1 

the equality sign holding if and only if G{t) = ct^ where \c\ = 1. 
For any function G{t) analytic in the closed unit circle, not necessarily 
vanishing at i = 0, Hadamard’ s three-circles theorem states that 

(41) {maxjti^p, |<7(0|}“’ < {maxjti^p, |G(0|}^’ * {max|t|«p. 1(7(0 1}“* 
for any p’s in 

(42) 0 < Pi < p2 < < 1 

where 

(43) Oil = log <X 2 — log —f oLz — log — 

P2 Pi Pi 

These results have (easily derivable) parallels in several variables. 
Let F{zi, j Zk) he analytic in the closed unit hypersphere 

(44) \zi\^ -!-*•*+ \zk\^ < 1 
and denote by 

(45) M{p) = maxii*||_p \F{zi, • - • ,2^)1 
where 

(46) II 2 II = [|2ih + • ■ • + 

If we introduce the function 

(47) G{t; z) = F{zdy • ' , ^kt) 
then 

(48) M{p) = max||^:i|„i M{p; z) (0 < p < 1) 
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where 

(49) M{p; z) = max|fi„p |G(^; z)\ 

liF{z) vanishes at 2:1 = • • • Zk = 0, then G{0, z) = 0 for every 

z in (44), and for each fixed z^ on the boundary of (44), (1|2:®|| = 1), 
Schwarz^s lemma yields 

M{p- z^) < pM{l; z^) (p < 1) 

By (48) this yields (since || 2 :°|| = 1) 

M{p) z°) < pM(l) 

and since this holds for every 2 ° for which \\z^\\ = 1, we have finally 

(50) M(p) < pM(l) (p < 1) 

which yields a form of Schwarz's lemma for F(zi, • • • , 2 :*). 

If F is merely analytic in (44) (not necessarily vanishing at (z) 
= (0)) we obtain by (41) 

[M(p2; < [M(pi; z^)MM(p,; z0)]«> 

for every on ||z0 | = 1, and the p's and a's as in (42), (43). Using 
(48) we conclude that 

(51) M(p 2)«=> < il^(pi)«‘ilf(p3)“* 

a form of Hadamard's three-spheres theorem for F. 

The inequalities (50) and (51) take on especial interest when we 
consider several functions. Let 

(52) fi(zi, , Zk), ' • • , fn(zi, ■ • • , Zk) 

be 7z functions analytic in the unit hypersphere (44), 71 ^ /cj and let 
ai, • • • , hen arbitrary complex constants. Later we shall choose 
these constants in an advantageous manner. Define 

(^^) ^a(^) ~ CLlfliz) -|- • • • -j- anfniz) 

Then Fa{z) is analytic in (44). If we assume further that each /i, 

■ ' • ,fn vanishes at the origin, then Schwarz's lemma (50) yields 

(54) max||,„„p |ai/i(z) -h • • • +. a,,/4z)| 

< p max,|.|,„i |ai/i(z) -f- • • - -f- a^f^(z)\ 

For p any real number greater than unity, Holder's inequality 
states 

kl/lC^S') + * * • -h a^/r.(2:)| < ||a||g • ||/(2:)||p 
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where 

(56) ||a||g = [lai|« -f. ■ • . + la„|«]i; 

ll/IU = [1/4=’ + • • • + \m4; i + - =1 

V a 

Inserting (55) into the right-hand side of (54), we have 

(57) maxii^ii^p [a^fi^z) < pl|a|l<i * max|ia||_i ||/(2)||p 

Now denote by (s') a value of (s) on ||sj| = p for which |l/(s)||p attains 
its maximum on ||s|| = p, so that 

(58) ll/(2)lli> < ll/(2')IU for l|zll = p 
In terms of this point (s') choose 

{ I/m(^ 0|^ if /m(2') ^ 0 

(59) = ] f^{z') 

I 0 if = 0 

With these values of ai, • • • , a„ we have 

IklU = [s;-il/;.(2')l''’-««i« = [2 ;l4/.(2')1'’F 

and 

dlfiiz') -I- . • - 4- Gnfniz') = Sp„i|/p(s')lP 

On inserting these values into (57), we have 

)|^ |j II 

1 < p - maxii*||«i ||/(s)l|p 

[2;l.i1/,.(z' )!’’]« 

Since 1 — 1/g = 1/p, this yields 

(60) ll/(z0lU P ■ max||*|i„i l|/(s)llp 
Finally by (58) we conclude 

(61) max|izii-p \\f(z)\\p < p • max|[*|j^i II/(-)I1 V) (0 < p < 1) 

We state this form of Schwarz’s theorem as a theorem. 

Theorem 7. Let /i(si, * • • , Sfc), • * * , /n(si, - * * , s*) he 

n, (n § /c). Junctions each analytic in the closed unit hypersykere (44), 
and each vanishing at the origin. Then for any value of p > 1 we have 
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( 62 ) [\fi(z)\^ -f- . . . < [\zi\^ _|_|^^|2ji 

1 

max|t^>^|^^ 1 [|/i(iy){*'+ • • • 

for every value of z in (44). 

We now drop the hypothesis that the /^s vanish at the origin 
retaining only the hypothesis that they are analytic in (44). Then by 
Hadamard’s three-spheres theorem ( 51 ) we have 

max||*||_pj |ai/i(2) -f- • • . -j_ anfr,(z)\ 

< [{max||*i|_pj \aifi(z) + • - . an/n(2)| 

{maX|[a!i|„p3 |ai/l(2;) -f- . - . _j_ anfn(z)]^^] 

On using Holder’s inequality ( 65 ) this yields 

( 63 ) niaxj|*|i«.p3 |a]/i(2) + . . . anfn(z)\ < 1 1 a| | q 

• max|[,||„p^ ||/(^)| p®* ' maX|[*|[^P3 ||/(z)||«» 

On noting that (ai -f- a8)/a2 = 1 by ( 43 ), we have from ( 63 ) 

ni-ax||^[l„P3 \aifi(z) ( 2 ) | 

IklU 

C£Z 

< max||*,|_p3 1 1/(2) 1 1 • max,|*„_.P3 ||/(z)||p« 

Repeating the argument used in passing from (55) to ( 61 ) with o 
replaced by p2, we conclude that ’ 

( 64 ) maxj.||_., |I/(z)||j, < max|,,||_„, ||/(2)||p" • max||.||_.. ||/(z)||p^ 

which yields the following form of the three-spheres theorem 
Theorem 8. Let Mz,, ■ ■ • , ^ ^ 

r)^ in ^k), functions each analytic in the closed unit hypersphere ( 44 ) 
Then for any value of p > \ we have ( 64 ) holding, where the p’s and 

f/( 46 ) Tse” <i^f'-'^ed 

This of course yields the result that the function 
log max |l/(z)|| for ||2|| = p 
is a convex function of log p. 
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CHAPTER IV 


Analytic Completion 

Any domain in one complex variable may be the natural domain 
of analytic! ty for some suitable function. However, in the space of 
variables (z; Ui, • • * , Un)z = x -j- iy, Um real, n > 1, there are pairs 
of domains D, 3, with 5 D, such that any function which is analytic 
in D has an analytic continuation in D. This phenomenon of analytic 
continuation which refers to the domain of definition and not to a 
single function will be termed analytic completioUj and the domain S 
will be called an analytic completion of D. Some of the more general 
theorems on completion will be the object of the present chapter. 
These theorems will depend upon the geometric structure of the 
domain D. 

We can derive immediately a very simple but general property 
of analytic completions, namely: 

General property of analytic completions. If D is a domain in 
(z; Uij • • * , Un)-space with an analytic completion D', and if f{z; 
y'U ’ ' ‘ } ^n) is analytic in D {and hence also in D') then f assumes 
in D every value which it assumes in D'. In particular if f is hounded 
in D then its analytic continuation is hounded in D' , and with the same 
hound. To see this assume for the moment that / assumes in D’ a 
value V which it does not assume in D. Then the function l/(/ — v) 
is analytic in D and hence by analytic continuation also in £)', which 
is a contradiction. 

The method of the present chapter is based upon Cauchy’s integral 
formula in one complex variable. For this method we will always 
have at least one complex variable and at least one other variable 
which may be either real or complex. Not only does the method 
require that at least one of the variables be complex, but also the 
results themselves can be shown not to be true for the case in which 
all of the variables are real (cf. section 9). 

A very easy example will serve to illustrate the general method 
used. 

Example. Letfiz^ u) he analytic in the spherical shell 
S: (2? - £>2 < + w* < (i2 + 6)*, (0 < e < /?) 

64 
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Then f has an analytic continuation into the sphere 

§: (/g »|_ 

Thus S is an analytic completion of S. 

Proof. For each fixed value of u in 


— R < u < R 

define 

where C(u) is the circle 

1^1 = [R2 - u2]i 

Since /(t, u) is a continuous (even analytic) function of t for t on the 
contour C{u) it follows that ip(z, u) is an analytic function of z for z 
in the interior of the circle C{u)y 

\z\ < [i22 - 

We next observe that since /(i, u) is analytic in the shell S we 
may shift the contour C(u) to any simple closed contour contained 
within the annulus 

[(K - < lil < i(R + ty - 

(u fixed in —R < u < R)^ and not change the value of the resulting 
function <p{z, u). We will use this fact a little later. 

Now let uo be a fixed value of u in 

— R <. Uo < R 


and let us form the integral 

I = 


1 f f(,t, u) 
2-n-i •' t — 


where the contour C(uo) is fixed but where we now let u vary over 
an interval 

Uo — e <C tt <C Uo € 

Since f{z, u) is given to be analytic in (z, u) in the shell S, and since 
the point set 

[/€0(wo)> Uo — € <C. u <C Uo e] 

lies in S, it follows easily that the integral (/) defines a function which 
is analytic in (z, u) in the domain 

[j^l^ < R^ — Uo — € < w < Uo -h c] 
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We now make two simple observations. First, the function defined 
by the integral I and the function ^( 2 , u) are identical for u = uo, as 
one sees by comparing their definitions. Secondly, by the remark 
made in the preceding paragraph, the function defined by I and the 
function <^ 9 ( 2 ;, u) actually agree for all values oi u in uq — ^ < u < 
Uq € since for such values of u the contour C {uo) serves as an admis- 
sible contour. Hence ip{z, u) is analytic in (s, u) throughout the 
entire sphere \z\^ < R^. 

It remains to identify <p with /. This is very easily done. Con- 
sider for example a value of u in, say, 

R — € < u < R — ^ 

2 

For such a value of u the function f(t, u) is analytic, not just in a 
neighborhood of the contour C{u) but even throughout its interior. 
Hence for such values of u we have <p{z, u) = f(z, u), and hence 
ip{z, u) furnishes the desired analytic continuation of /(z, u) into 
|z|2 -]r < R"^. This yields the desired result. 

Two things are relevant in this example, one is that for each level 
u there is a contour over which we can integrate, and the second is 
that in the neighborhood of some point we can identify <p with /. 

§1. Preliminaries 

For z = a: H- zy we consider the Euclidean plane of finite z- values; 
the point z = 00 is not included. Any Jordan curve C has an interior 
and an exterior. The interior will be denoted by /?c; it is a bounded 
domain whose boundary is C. The closure of Rc will be denoted by 
Rc- 

An open set need not be a domain but it decomposes uniquely 
into a finite or denumerable number of mutually disjoint domains. 
They will be called its components. If A is any open set, then the 
union of the domains for all C in A will be called the (geometric) 
completion of A and denoted by A. Since each C must be contained 
in one component, the completion of A is the union of the completions 
of its components. However, if A^ and A“ are disjoint domains, then 
and are cither disjoint or one is contained in the other. For 
instance, if A^ is |z| < 1 and A^ is 2 < |z| < 3, then is \z\ < 1 and 
| 2 :| < 3 . 

Any Jordan curve C lying in a domain will be called a retrosection 
of the domain. A retrosection C of a domain A will be called a complete 
retrosection if the union of A and Rc is A. A domain need not have a 
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complete retrosection, for instance if it is the unit circle after deletion 
of a sequence of points which converge to a boundary point. 

Now let D be any domain in the (n + 2) -dimensional space 
( 2 ; wi, • • • , Its projection on 2 = 0 is a domain U = Ud 

in (til, ■ ■ • , w„), and for each c = (ci, • • ■ Cn) in C/, the intersection 
of D with the 2-dimensional space 

C^) ^1 Cn 

is a 2-dimensional open set whose projection on the 2 -plane will be 
denoted by A{u). Thus D is the point set 

(2) D: [u B U ] 2 £ A(w)] 

We now form the larger point set 

(3) 5,: [u B U ; z e A(i<.)] 

where A(w) is the 2-dimensional completion of A(w). We will call 

(3) the z-completion of (2). Our first task is to show that (3) is again 
a domain. 

Let P{c; 2o) be a point of Z),. By definition of A(-u) there exists a 
retrosection C in A(c) such that zo e Rc. Now the curve 

(4) [u = c;r eC] 

is a bounded closed point set in D. Hence there exists a neighborhood 

(5) Uc,p‘ {ui — Ci)^ _j_ . , . — Cn)^ < (p > 6) 

in U, such that the point set 

(6) [ueU.,,;teC] 

is also contained in D. Therefore, C is a retrosection in A(t^) for 
u £ Uc.p, and hence the point set 

( 7 ) [u £ Uc.p; zeRc] 

belongs to jD*. In particular, the point (c, 20 ) from which we started 
is an interior point of Also, there exists a point ^0 on C such that 

the points (c, to) and (c, 20 ) can be connected in jD,, and (c, fo) belongs 
to D proper. Similarly any other point (c' , Zq) in can be connected 
with a point (c', since any two points of D are connected, 

we obtain the result that the z~compleiion of a domain is again a domain. 

Now assume that A has a finite number of components, A = (A^, 
* • • , A""), with disjoint completions and complete retrosections. If 
C^, p = 1, ■ • • , r, is a complete retrosection of A**, then we call the 
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system of curves C ~ * • * , C^) a complete retrosection of A, and 

the pointset Rc shall be the union Rev. An arbitrary retrosection 
C of A shall be any system of curves • • • ) in A, and Rc shall 

be the corresponding subset of A. 


§2. THEOREMS ON COMPLETION 


Theorem 1. If an arbitrary domain (2) is such that for each u ^ U 
the number of com'ponents {Ap(ii^)} is finite; if each com'ponent A"(w) of 
A{u) has a complete retrosection^ and any two completions K^{u) 

are disjoint for p 7 ^ q; if corresponding to each P(c,Zo) of 3{z) there 
exists a retrosection Co of A(c) such that for every u of a neighborhood (5), 
P{u,Zo) is contained in Rc^ and Co is topologically homologous to some 
complete retrosection C(u) in A{u); and if for at least one point u^ 
every component of A(u) is simply connected^ then (3) is an analytic 
completion of (2). Every function f{z; Wi, • • • , Un) which is defined 
and analytic in D has a unique analytic continuation in 3z. 

In preparation for the proof we will first make a few observations 
about domains and functions in the z-plane. 

If a set A in the 2 -plane has a complete retrosection C then 
there exists a sequence of complete retrosections Ci, C 2 , ■ • ■ such 
that jKc„ C i?c'„+i,_and every z in A is contained in some Rc^. Also 
the set — Rcn is entirely contained in A. If f{z) is analytic 

in A, then the integral 





m 

^ ~ Z 


dt 


defines an analytic function in Since for every z in the latter 

union of domains, /(r)/(r — z) is analytic for ^ in — Rc„, we have 

Z £ Rc„ 

This defines an analytic function <p{z) = <pf{z) in A which is equal 
to <pniz) in Rcn- Also we may write 


<pj{z) 


27ri r “ 2 


dt 


for z 8 Rc, where C is any retrosection of A which is homologous to a 
complete retrosection. 

We now turn to the proof of the theorem. Let/( 2 ; • • • , Wn) 

be any function analytic in (2). For any fixed point u B U we intro- 
duce the function 

(p/iz) S <Pf{z; Wi, ■ • • , Un) 
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as described above, and this leads to a function which is uniquely 
defined in We claim that it is analytic in all its variables. In 

fact if (c, 2o) is any given point of we take a retrosection C in A(c) 
such that Zq b Rc, and repeating the argument of section 1 we see that 
for all points in the interior of (7) our new function is given by 

(8) ^,( 2 ; U,, ■ ■ ■ , u„) = L ^ 1 , ■ ■ ■ , 

ZTrt ^ ~ z 

Since, for the moment, C is a fixed curve, and the integrand in (8) 
is analytic in all variables occurring, the function (8) is analytic in 
the interior of (7), and in particular in the neighborhood of the 
arbitrary point (c, Zo). 

Now, if for a particular point c all components of A(i^) are 
simply connected, then, by Cauchy^s formula, the function (8) is 
f(z\ wi, • • ' , Un) itself as stated in theorem 1, which completes the 
proof of that theorem. 

Of importance is a special case which we will state separately 
with a sketch of a direct proof. 

Theorem 2. If corresponding to any u B U, there exist two Jordan 
curves C' = C' (u), C" = C" (w), with C' contained in Rc", such that, 
for each u, the point set A(w) is contained in Rc" hut contains the whole 
annulus 

(9) R c" — Rc' 

if corresponding to any c B U, there exists a neighborhood (5), and a 
curve C, such that C is a complete retrosection of the annulus (9) for all 
u in (5), and if for a particular c B U , there exists a neighborhood (5) 
such that for u in that neighborhood, A(u) contains, and thus is identical 
with Rc", then 3z is an analytic completion of D. 

If C is a curve as mentioned in the theorem, we set up the integral 
(8). It is an analytic function in (7). For fixed c it is extensible to 
an analytic function of s in all of A(c), and it is not hard to see, using 
the argument of the proof of Theorem 1, that it is analytic in all 
variables in 

u B Up,c] z e A(u) 

Thus we obtain an analytic function in and in the particular 
neighborhood of the particular point as stipulated in the theorem it 
coincides with f(z; u\, • • ’ , uj). This completes the proof. 

Theorem 2 is a detailed wording of what is often called the ''con- 
tinuity theorem.’’ Its extension to real variables Urn, is due to Severi. 
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§3. CONVEX DOMAINS 

We continue with Euclidean space of the variables (s; Ui, 

• * * , Un), n 

If A is a bounded convex domain, in the ordinary definition of 
convexity, and B is another convex domain_ whose closure B is con- 
tained in A, then the point set C = A — B will be called a convex 

shell. We now project our point sets on the (wi, • • • , z^n)-space. 

The projection of A is a convex domain U and the projection of C 
is the same domain. The projection B is convex subdomain U^, and 
Ua — Ub is again a convex shell. However, for n = 1 this “convex 
shell’’ degenerates into two separated intervals on the w-axis. 

Writing A and C in the form 

A : [u e Ua, z e Ax(^^)] 

C: [u t U A, z E Ac(u)] 

we see that for u e Ua — Us, both Aa(u) and Ac(w) are the same two- 
dimensional convex domains; whereas for u e Us, Ac(w) arises from 
Aa(u) by taking out either a point, or a convex curve and its interior. 

Now, let U be any domain which is part of U a and which contains 
points of the shell Ua — Us, and such that the two point sets 

D' = [ue U, zbAaM] 

D — [u e U, z e Ac(^t)] 

are domains in En-{- 2 - By Theorem 2, D' is an analytic completion 
of D. 

Now a subdomain U of the given description will arise if we form 
the intersection of Ua with a half space Ui > a, or Ui < b, and for 
n > 2, we may take just any layer 

(10) a < ui < b 
Thus we obtain 

Theorem 3. If a convex shell in (z, ui, * • * , Un) is given in the 
form 

(11) [u e Uo, z e A(u)] 

and if U is the intersection of U q with any half space ui > a^ or u\ < h, 
or for n > 2, with any layer (10), and if D is the domain 


( 12 ) 


[u B U, z B A(i^)] 
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then the domain 

Sz- [u z JJf z z 

is an analytic completion of D. 

So far we have singled out one real variable. However, if all 
variables occurring are complex a much smoother result emerges. 
Theorem 4. If R is a convex domain in the space 

{z\, ‘ , Zk), Zi = Xi + iyji k > 2 

if R is a convex shell whose outer boundary is the boundary of R, and if 
R and D are the intersections of R and R with a spatial layer 

^ ~1“ ^myrn) b 

(— oo < a < b < oo) 

then D is an analytic completion of D. In particular R is an analytic 
completion of R. 

In fact, we introduce any nonsingular linear transformation 
(14) 2^ = CtnlZl “h • * • -1- CmkZk 

which is such that 

H 2m OLfn i^m 

where cxm, are the constants in (13). This linear transformation 
carries convex sets into convex sets and analytic functions into 
analytic functions, and the layer (13) into 

a < Re (22) < b 

Thus Theorem 4 follows from Theorem 3 if we replace 2 ^ by 2 ; 
by Uiy U 2 ; 2 /i by Uz, U 4 , etc. 

For later use we draw a very special conclusion (and also a well- 
known one), namely 

Theorem 6. Let P he a boundary point of a hyper sphere in ( 21 , 
• • • , Zk)-space (k > 2) and let R be the portion of a neighborhood of P 
which lies outside the {closed) hyper sphere. Then there exists a neighbor- 
hood N of P such that N -p R is an analytic completion of R. 

The proof follows easily from Theorem 2. Without loss in gener- 
ality we will suppose that the hypersphere has the equation 

j2i|^ . _1_ ^Zk\^ == 1 

and that P has the coordinates (0, 02 , ‘ , a.k) with, of course, 

lci2l^ -f" ■ * * 4“ 1®*!*'* = 1 
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Then by the nature of the domain R there exists a positive number h 
such that the domain 

D: \z2 — Cb2 < hf * ‘ * j \zk — cbk\ < hy 

1 - - ■ ■ ■ - \zi,\^ < 

lies in jR. Now Theorem 2 applies at once with Re ( 22 ), Im ( 22 ), • * • , 
Re( 2 jfc), Im( 2 fc) playing the role of wi, • • • , Un and Zi playing the 
role of z. Thus U is the domain 

U: {zj — ay| < A, j = 2, • • • , A; 

and A ( 22 , • • • , Zk) is the annulus 

1 — 1 ^ 2 !^ — • • * — Z]c^ <. Zi ^ <. 

For ( 22 , • ' * , 2 fc) in a suitably chosen subdomain of U we will have 
| 22 |^ \zk\^ > 1 and hence for such points the domain 

A( 22 , • ' * , 2 a;) becomes the entire circle 1 2 1 | < A. Flence by Theorem 
2 the domain D has the domain D,/. \z 2 — a'^ < h, • * • , I 2 & — < 

h, l^il < A as an analytic completion. 

Now since D C ^ follows by Theorem 4 of Chapter II that 
R + 5*1 is an analytic completion of R. This concludes the proof 
of Theorem 5. 

§4. Modified Convexity 

In the present section we will touch upon a topic which is closely 
connected with the so-called '^analytic convexity’’ and ‘^condition of 
Levi.” The results offered will not be needed elsewhere and the 
proofs will be sketchy. 

Theorem 6. For n > 2, let F(x, y; wi, • * * , Un), x iy = 2 , he a 
real continuous function in a neighborhood 

(15) I 2 I < q;, li? -h * • • -f < /52 
of the origin and let it vanish at the origin, and Let 

(16) F{x, y] ui, 0, 0, • • • , 0) > 0 
for 

(17) |2|2-f-w?>0 

If a domain D contains the points for which F > 0, hut none of the 
points for which F < 0, and if for every a.' < a, /3' < /5, the neighborhood 

z\ < a', u\ + • - ■ ul < /3'” 
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intersects D in a domain y then there exists a neighborhood N of the origin y 
such that D N is an analytic completion of D. 

Proof. Letting = 0 in (16) we see that 

F{Xy y'yOyOy * * * , Q) > 0 

for 0 < | 2 :| < oiy hence for some neighborhood 

“Wi -f- ■ • • + p < 

and some annulus 

«2 < l^l <C Oily Oil <, a 

we have F > 0 for 

(18) u & Uy 2 e A 

On the other hand, for 0 we have F{Xy y; uiy 0, • • - ,0) > 0 in 
the full circle < oiy hence given oli <. a there exists a “smalL^ cube 

Uq: Pj < Uj < qjy j = ^ n 

such that F > 0 for 

u s Uoy z e A 

where A is \z\ < oii. We now consider the neighborhood 

(19) N: ueU; zeA 

By Theorem 2, it is the analytic completion of the intersection D r\ W, 
the latter intersection being a domain by assumption. Now by 
Theorem 4 of Chapter II, if Di, D 2 are two domains with nonempty 
intersection D 1 D 2 and il D\ is any analytic completion of Di, then 
-f- D 2 is an analytic completion of Di -j- Z) 2 . Thus in the present 
case D + N is an analytic completion of D. 

It is very tempting to replace relations (16), (17) by the more 
sweeping relations 

(20) F(x, y; 0, ■ ‘ , 0) > 0 for 0 < l^j < o: 

That this cannot be done without restrictions is obvious from the 
example 

F(Xy y; uiy U 2 ) = (x^ + y^) — + ul) 

It satisfies (20), and yet the function /( 2 ; ui, U2) = w/Zy w — ui + iu2y 
is analytic for F > 0, that is for \w\ < \z\y and yet is not continuable 
into any full neighborhood including the origin z = 0, w = 0. The 



74 


ANALYTIC COMPLETION 


[Chap. IV 


reason for this failure is the vanishing of all partial derivatives of first 
order of the function F at the origin, as we shall see presently. 

Theorem 7. The conclusion of Theorem 6 also holds if, for n > 1, 
yj ■ ■ ' 1 has the form 

(21) ui -h G(x, y]Uxj • • ' , Un) 

in a neighborhood (15), if G(x, y; u) has continuous partial derivatives 
of the first order, if these derivatives vanish at the origin, and if relation 
(20) holds. 

We put 

H{x, y) = G{x, y; 0) 

K{x, y] u) = G{x, y] u) — G{x, y\ 0) 

Since K{x, y] 0) =0, and since K{x, y, u) has partial derivatives 
of the first order in {x, y, u) which are uniformly continuous in {x, 
y; u) and which vanish at the origin x — y = u = 0, there exists a 
neighborhood 

(22) |2| < a', < (S'* 

with a' < a, 13' < /3, such that for all points in this neighborhood 

(23) liifCx, y; u)\ < + • • • + u^)* 

We will now exploit (20). In the first place we have H(x, y) ^ 0 
everywhere. Also corresponding to any annulus 

(24) 0(2 < l^l < Oil, with ai < ce' 
there exists a suflBiciently small neighborhood 

Wm\ < P, m = 1, * • • , n {^/n p < /?') 

such that for 2 ^ £ U, and z in (24), we have 

(25) F(^x, y; u) >0 
Now, in the subdomain 

^0* "b * • * + < p, Ui ^ 0 

of U, we have 

(26) ui + Hix, y) + K^x, y; u) > Ui - im H(x, y) > 0 

where (x, y) can be any point of the complete circle \z\ < ot. The 
balance of the proof is as for Theorem 6. 
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§5. Maximal Domains 

We will repeatedly require a familiar principle which we will first 
formulate in axiomatic terms. We consider a set of elements T, U, F, 

• • • and we assume that certain pairs of elements are partially 
ordered by a relation T < U, with the properties (i) T < T, (ii) if 
T < U and U < T then T = U, and (iii) li T < U and U <V, 
then T < F. If {Ta} is any subset, and U is any element, which 
may or may not belong to the subset, then U is called a maximum of 
the subset { !r«} if the relation U < T« is false for all a. In particular, 
a maximum of the total set is an element which is not exceeded by 
any other element. A well-ordered sequence Ti, T 2 , • * • , 

T„+i, • • • is called monotonely increasing ii a < ^ implies < T,. 
The principle is as follows. 

If every well-ordered monotonely increasing sequence in a set has 
a maximum^ then the total set has a 'maximum. 

In our applications, { T, f7, F, • • • } will be a family of domains, 
and T < U will denote that T is a proper subdomain of U. 

§6. Radiated Domains 
If r = (fij * ■ * 1 tk) are complex numbers with 

(27) = 1 

and if 0 < r < 00 , then the numbers (r; f) are polar coordinates, in 
the space of the complex numbers (zi, • • • , z*), z/ = r^/, except 
for the origin. The points r = 1, as described by (27), compose the 
unit sphere S with center at the origin. For fixed f and for 

(28) 0 < p(f) < <r(r) < 
the relation 

(29) p(r) <r < <r(r) 

describes an open connected set on that ray through the origin which 
is determined by f . If is any point set of’ the surface S, and if 
p(r)> ^^(r) are defined throughout then the point set 

(30) r £ p(f ) <r < or(f ) 

in (zi, • * • , ZA:)-space will be called a radiated point set. We are 
exclusively interested in radiated domains. If (30) is a domain D, 
then ^ is a domain in 2), and p(t) and have an important property. 
If is a point of jB, and if po < r < o-q is a closed subset of p(f °) < 
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r < <r(f°) then D contains a 2A;’"dimensional neighborhood of the 
segment. Hence there exists a neighborhood j5o of such that for 
f £ Ho, p(r) Po, o'o < O’er). Ill other words, the function p(^) is 
upper semicontinuous and the function cr(t) is lower semicontinuous. 
Since p(r°) < we have in particular the following conclusion. 

There exist a neighborhood Hi of and an e > 0 such that cr(^) > 
p(r°) + € for r s Hi. 

Theorem 8. Let k > 2. If a domain D has the form (30), and if 
for a point of B, p(^) has a local maximum p == p(r°) > 0, then there 
exists a function 

(31) p(r) < p(r), p(r“) < P 

such that the point set 

(32) t SB, p(f) < r < <r(n 

is a domain D which is an analytic completion of D. 

Proof. By assumption there exists a neighborhood H2 of such 
that p(^) < p(r°) — P for ^ in H2. Combining this with the con- 
clusion stated before, we see that there exist a neighborhood H3 of 
and an e > 0 such that the domain 

Z)o* f £ H3, p < r < p e 

is part of H. The boundary of Ho includes a fragment of the sphere 
l^ij^ + * • * + = p^, and the point 2® = p^J is an inner point 

of the fragment. Hence, by Theorem 5, there exists a neighborhood 
N of 2° such that a function which is analytic in Ho is analytic in 
Ho + N. Now N contains a subneighborhood of the form 

A^o- ^ £ H4, p — 6 <C. T <!pH-5 

where H4 is a sufficiently small neighborhood of (H4 Q H3), and 
0 < 5 < 6 . 

We next claim that the intersection R of the neighborhood Nq 
and the entire domain H is itself a domain. In fact, R is composed 
of the points £ H4, max (p(f), p — 5) < r < p + 5]. If (f', r') and 
r^) are any two of its points, then the first can be connected within 
R with the point (f', r = p + 5/2), and the second with the point 
(r^ r = p -h 5/2). The new points are both located in the point set 

^ £ H 4 , p < r < p + 5 

which is a subdomain of H, and are thus connectible within R. 



§ 6 ] 


RADIATED DOMAINS 


77 


Now the domain D ~ D N q has the form (32) with 


p(r) == 


min (p(^), p — 5) 

p(r) 


for ^ s Ba. 

for ^ B B — Bi 


and as we have seen Z)o d- is an analytic completion of Dq. Since 
Do C ^ and No C ^ fhis means by Theorem 4 of Chapter II that 
D + iVo is an analytic completion of D. 

Theorem 9. Let k > 2. If a domain D has the form (30) then 
there exists a function p{I)y with 0 < p{^) < p(^), such that p(X) has no 
local maxima > 0, and such that the point set 


r e D, p(r) < r < <T(r) 

is a domain 3 which is an analytic completion of D. 

In particular, if there exists a subdomain Bo of B, whose closure Bq 
is contained in B and if for ^ e B ^ Bo, p(r) = 0> then an analytic 
completion 3 of D consists of the conical domain ^ £ D, 0 < r < <r(^). 
Proof. We introduce the family of domains of the form 


r £ D, p(r) < r < o-(r) 

with 0 < p(r) p(r) which, if larger than D, are analytic completions 
of D. The union of any w^ell ordered monotonely increasing sequence 
of such domains is again a domain of this form, and any function 
analytic in D has an analytic continuation in the union. Also the 
union is a maximum for the elements of the sequence. Hence by the 
principle enunciated in section 5, our total family has a maximum. 
By Theorem 8, the function p(^) belonging to the maximal domain 
may have no local maxima > 0. 

As for the second half of the theorem, our function p(^) is upper 
semicontinuous in Bo and > 0 in Bo. Now an upper semicontinuous 
function on a compact set must have an absolute maximum. But by 
what we have just proved this maximum cannot be > 0. Hence 
the absolute maximum must be 0 and this completes the proof of the 
theorem. 

Maximal radiated domains may be formed in various ways. We 
shall indicate two particular ways. One way is to form it as we did 
in the proof just given, working only from below, i.e. working only 
with p(r)- Such a maximal domain we will call maximal from below. 
The second maximal domain which we discuss we form as follows. 
With a radiated domain D as in (30) we introduce the family of 
domains of the form 


r £B, 


p(r) < r < a^(r) 
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with 0 < /5(f) < p(f), (r(r) < ff(r) < «> which, if larger than Z>, are 
analytic completions of 2>. This family again has a maximum, which 
is itself a radiated domain. We will call this domain maximal from 
helow and above. 

As a corollary to Theorem 8 we have: 

Corollary 1. Let k >2. If (30) is a radiated domain^ maximal 
either from below, or from helow and above, then p(f) has no local maxima 
>0. If, in addition, the basis B in (30) is the whole unit sphere (27), 
then p(f) = 0- In this case it follows that (30) has as an analytic 
completion the domain [fsB, 0 < r < o-(r)]. 

The last statement follows from Theorem 1, say. It uses the fact 
that <r(f) is a lower semicontinuous function everywhere > 0 on the 
unit sphere. As such it must have a minimum m > 0 and thus our 
radiated domain (30) contains a domain of the form 0 < l^i]^ H- 
• • ' 4- < m^. But this latter domain has the analytic com- 
pletion 0 < l^il^ 4 • • • < m^. This yields the last state- 

ment of the corollary. 

§7. DOMAINS OF Circular Type 

We consider the space E^k of complex variables z = (zi, • • • , Zk). 
We add a complex parameter t, and we introduce nonnegative integer 
exponents ai, * • • , a*, not all 0. If z is any fixed point, then the 
point set 

(33) • • • , <“*2*), 1<1 = 1 

is a topological image of a circle. We will term it an orbit, and we will 
say that it is generated by the point z. It is not hard to see that an 
orbit is generated by any of its points. We will say that a domain A, 
(or a general point set), in is of circular type, if it consists entirely 
of orbits. 

In the case cci — ... = = 1, an orbit is a point set 

(34) • * • , e^^Zjc), 0 < < 2-7r 

and the domain is called circular (Carath^odory) . They arise natu- 
rally as domains of continuous convergence for series of homogenous 
polynomials in (zi, • • • , zjfc). 

In the case a\ = \, — • • • = ckjj. = 0 an orbit is 

(35) (e<^zi, Z2, • • • , z*), 0 < t? < 27r 

and the domain is called a Hartogs domain. It arises naturally as 
the domain of continuous convergence for a series 

(36) S«_o«n(Z2, ■ ■ * , Zk)z\ 
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In what follows, any variable Zj for which a/ = 0 may also be assumed 
to be real since it is not affected by the requirement of circularity. 
Furthermore in Theorem 10 to follow, instead of requiring that the 
domain A contain the origin = 0, • * * , 2 * = 0 it is sufficient to 
require that A shall contain a point (ej, • * * , z\) for which 2 ® = 0 
whenever otj 7 ^ 0, since the other components can be made 0 by trans- 
lations which do not affect the circularity. We finally note that 
combinations of arbitrary integers a,- as exponents have been first 
introduced by H. Cartan. 

We now associate with each domain A certain completion A, If 
A is the union of orbits, then A is defined to be the unions of the 
corresponding ‘ ' disks’ ’ 

(37) • • • , 0 < |«| <1 

and we now can state a theorem. 

Theorem 10. The completion A of A is again a domain^ and if A 
contains the origin 2 i = • - • = = 0, then A is an analytic com- 

pletion of A. 

Proof. The proof is fundamentally very simple although the 
details will be somewhat elaborate. An orbit is a compact set. Hence 
if A contains the orbit (33) it also contains an enclosing ‘'channel” 

(38) ■ ■ ■ » P < \l\ < O'} p < 1 < cr 

We now associate with each z e A the largest available channel 
p(z) < |i{| < <r( 2 ) in A, and we now consider in the space of the vari- 
ables (zi, ' ■ ' , Zk, t) the point set 

(39) 2 e A; p{z) < |i| < <r( 2 ) 
where 

0 < p(z) < 1 < < t { z ) < 00 

This point set in Ezk -^2 will be denoted by Z>, and it is not hard to see 
that i) is a domain. 

For some points 2 in A we may have not only an enclosing channel 
(38) but the entire point set 

(i« 2i, • • • , ^«*2 a;), |/| < <r(2) 

within A. This will be certainly the case for the origin, and for a 
neighborhood of the origin, whenever A contains the origin. Inci- 
dentally for the origin we have of course or(0) = 00 . Thus we intro- 
duce in Eik^i another point set H, which includes D, and which is 
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again a domain, namely 

Hi ZB A) tBA(z) 

where A^z) is either the previous annulus p(z) < |;{| < <t(z); or the 
entire circle |^| < a{z) whenever possible. We further introduce 
two completions, 

D: z e A; 0 < |^1 < cr(z) 

6: zeA; \t\<criz) 

We now consider the transformation of variables 

(40) f,* = j = 1, • • • , A; 

r = t 

It is a one-to-one analytic transformation of the domain 

(41) zi, • ' ’ , Zk arbitrary; t 0 

into the domain 

(42) Ti, * • • > r* arbitrary; r 0 

We denote the images of D and D in (42) by M and M respectively. 
They are again domains. Lastly, we project M and M on the coordi- 
nate space (ti, * * * , that is on the manifold r = 0, and the 
reader will verify that these projections are nothing else but the 
original point sets A and A, only now in terms of ( 1 * 1 , • • • , ^k) instead 
of {zxf * * • , 2*). Since the projection of a domain on a coordinate 
“plane’’ is again a domain, we first conclude that is a domain. 

We now assume that A contains the origin. If /(ti, ’ * * , r&) is 
analytic in ^ then the function 

(43) g{zi, • ' ' yZk]t) = fit^^zi, • • ' , t*^'‘Zk) 

is analytic in H. By Theorem 2, (43) has a continuation in H , and 
in particular in D. Transcribing the continued function into the 
variables (40), we obtain a function 

(44) ^(^ 1 , * • • , r*; r) 

in the domain M. And it is not hard to see that in the subdomain M 
the latter function is the original function /(^i, • • ■ , 1**). Thus the 
partial derivative of (44) with respect to r vanishes in M, and being 
analytic it vanishes in all M. Thus F is independent of r throughout 
M, and thus it gives rise to an analytic function in the projection 
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K of M, and this function is an analytic continuation of /(^*) from 
A to A. 

§8. Domains of Multi-circular Type 

We take m parameters • • • , and with nonnegative integer 
exponents we form monomials 

= tV' • • * C”, i = 1, • • • , /b 
We now replace definition (33) of an orbit by 

(^i(t)zi, ■ • • , ^k(t)zk), |«i| = \t2\ = • • • = = 1 

and for definition of a “disk'' we have the inequalities 

0 < i^il <1, 0 < <1, - - . , 0 < \tm\ < 1 

Theorem 10 also holds for multi-circular domains, as can be 
proven by induction on m. In fact, putting 

we have = 1“’^ for the special values t 2 — * • • = = 1. 

Thus, by Theorem 10, the domain Ai consisting of partial disks 

, tt’‘^Zk), 0 < |ii| < 1 

is an analytic completion of A. On the other hand, for ti == 1, 
= yj(t), hence the manifolds 

(yi(t)zi, ■ * • , yk(t)zk), 1 ^ 2 ] = • • * = \tm\ = I 

belong to A. Thus, by what we have just proven, Ai includes the 
partial disks 

(0i(t)zi, • - • , I3k(t)zk 
0 < |<i| < 1 , |i2| = • • • = \u\ = 1 

Thus, assuming that our theorem for multi-circular regions has already 
been proved for m — 1 , we now obtain analytic continuation into 
all of A. 

The most important case of a multi-circular domain is m — k, 
^j{t) — tj. The orbits are 

(45) • • ' , e'^’^Zk) 

0 < < 27r, j — Ij • * • jk 

and the domain is called a Reinhardt domain. It arises naturally as a 
domain of absolute convergence for a power series in several variables. 
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If a Reinhardt domain D contains the origin then the preceding 
results show that D has as its analytic completion the domain D which 
contains all points , tkZk) with |^i| < 1, • • • , |i*| < 1 

and z in D, The domain & is called the Reinhardt analytic completion 

of D. 

§9. SOME Concluding Remarks 

Throughout the present chapter we have always considered the 
case in which there occurs at least one complex variable, and one or 
more other variables (real or complex). The presence of this complex 
variable enabled us to apply Cauchy^s integral formula for one complex 
variable, which forms the basis for this chapter. The presence of 
this complex variable is, however, more than a mere convenience, as 
easily constructed examples show. For example, by Theorem 1, say, 
the domain 

D: 0 < \z\^ + u\ + ' ' ' ul < I, {z ^ X + iy) 

has the analytic completion 

. -j- <[ 1 

that is, every function /(z; wi, • * * , t^n) analytic in D has an analytic 
continuation into D. But the function 

1 

x^ Wn 

is an analytic function of all of its real variables in D and yet it has 
no analytic continuation into D. Thus a domain D may have an 
analytic completion for analytic functions of the variables (z; Ui, 
• - • , Un) and at the same time not for analytic functions of the 
variables {x, y; ui, • • * , Un). Of course, the converse of this is not 
true, for as we have seen in section 3 of Chapter II, if a given function 
g{Xf y, uiy ‘ , Un) analytic in a domain R has an analytic con- 

tinuation into some domain i5, and if before continuation it involves 
the variables x, y only in the combination x -h itj, then this sittiation 
prevails after continuation. 
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CHAPTER V 


Singularities at Boundary Points 

In the present chapter all variables will be complex and all func- 
tions analytic, unless otherwise stated. 

§1. Unbounded Functions 

Given a domain D, a point P on the boundary will be said to have 
the frontier property if corresponding to every compact set /S in D and 
every € > 0, there exist a function g{z) in D and a point Q in D outside 
/S, both depending upon S and e, such that |Q ~ P| < e, and \g(,z)\ < 1 
for z z S but |g(Q)| > 1. 

A function f(z) in D is said to be unbounded at a boundary point P 
if there exists a sequence of points Qn in D such that Qn—^P and 
|/(Q«)i — > oo. Obviously if there exists a function in D which is 
unbounded at P, then P has the frontier property. However, the 
converse is also true, and a good deal more. 

Theorem 1. Given a domain Z), if {P] is a set of points on the 
boundary each having the frontier property, then there exists a function 
f(z) in D which is unbounded at every point of [P}. 

Proof. There exists a dense subset of {P} which is at most count- 
able, and if a function is unbounded at the points of the dense subset 
it is obviously also unbounded at the other points of {P } . Thus we 
may assume that the set {P} is at most countable. We now form a 
sequence Pi, P2, P3, • * * with the following properties: each point 
Pn is an element of {P} and each element of {Pj occurs in the sequence 
infinitely often. And we will construct a function /(s:) and a sequence 
of points Qi, Q 2 , * * • , such that \Qn — Pn| -^0 and |/(Qn)l — ^ 
This will suffice. In fact, every point of {P} occurs in our sequence 
infinitely often, and thus, given P, there will exist a sub-sequence 
{Qnl of IQn} such that Q'^ P and \f{Q^j\ 00 . 

We start from any sequence of compact sets Pi, • • • , Rp, * • • 
in D such that Rp C Pp+i and Rp — D. By induction on n, 

n > 1, we will select a sequence of integers pi < P 2 < • • • < Pn < 
• • • , a sequence of points Qn and a sequence of functions /« ( 2 ) in D 
such that, putting Sn = Rp^ the following properties hold: 


(i) 

(ii) 


Sn C Sn^ 1, :^Sn = 
Qn £ ^7i-|-l Sn 
84 


D 



§ 1 ] 


UNBOUNDED FUNCTIONS 


85 


(iii) |«n - Pn| < - 

n 

(iv) |/»(2)| < 1 for zsS„, but |/„(0„)| > 1 


We first put Si — Ri and, since Pi has the frontier property, we may 
choose fi(z) and Qi in Z> - Si so as to satisfy (iii) and (iv) for n = 1. 
If everything has been chosen suitably for n < m, we choose Pm+i 
large enough so that = Pj»m+i shall include Sm and also the point 

Qm (which is exterior to Sm), Since P^+i has the frontier property 
there exist a function fm+i{z) and a point Qm+i in D - Sm+i which 
satisfy (iii) and (iv) for n = m + 1. 

Finally, since |yw(Qn)| 1 we can select a sequence of positive 
integers In, starting with Zi = 1, and using induction on n, such that 


( 1 ) 


|/n(Qn)|^" 

.2 


n‘ 


^•n 


1 |/m(Qn) 


Im 




> n, {n > 2) 


We now define our function /(3) as the series 


Kz) = s 


oo 

rnwffll 


[/m(g)]^- 

TYl^ 


Since \fm(z)\ < 1 for z s Sn, m > n, the series is uniformly convergent 
in each Sn, and thus defines an analytic function in D since (as we 
may assume) each compact set in D is contained in some initial set 
Rp. Furthermore 




S n — 1 








oo 

m»in + l 


_L 


and thus, by (1), |/(Q,i,)| — > oo . This completes the proof of the 
theorem. 

A domain D is called a domain of regularity if there exists a function 
f{z) in D which cannot be continued beyond D. We know by Theorem 
1 that if every boundary point of a domain D has the frontier property 
then D is a domain of regularity. 

Theorem 2. Every boundary point of a convex domain D has the 
frontier property and thus D is a domain of regularity. 

For the sphere 


(2) |2i| 2 -f- . - . -f- \z,\2 < 1 

the proof is immediate. If (^i, ‘ ‘ , Tfc) is a boundary point, the 
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function (1 — fiZi — • • • — fkZk)^^ is analytic in (2) but unbounded 
at (^1, * ‘ , i**). 

In the general case we know by the theory of convex domains that 
through every boundary point Pq: (zJ, • • • , zJ) there passes a sup- 
porting plane 

~ Vi)] = 0 (z 9 = 

which cuts no interior points of D and which has the property that 
D lies entirely on one side of it. With these a^s and 6's define 

o^ip ^ dp ibpf p Ij ' ’ ‘ f k 

and let (0:2^, * • * , ockp), p = 1, * • * , be a set of complex con- 
stants such that the determinant i, p = 1, • • • , k, is different 
from zero. Such a set obviously exists since not all the 0:13, are zero. 
With these a’s we form the nonsingular linear transformation 

It carries the above supporting plane into x[ = 0, the point Po into 
the origin and it places the domain D entirely in the half-space x[ > 0 
(or in x[ < 0 as the case may be). Obviously the function is 

analytic in D but unbounded at Pq. 

§2. An Analytic Criterion for Completion 

In the present section it will be advantageous to consider poly- 
cylinders (products of circles) whose several radii are all equal. If 
r > 0 is a number, not a vector, and (z®, * • - , zj) is any point then 
the polycylinder 

( 3 ) \zi — zJl < r, j = ^ k 

will be denoted by ( 7 (z®, r), and if S is any set in (zi, * • • , z*) -space, 
then will denote the union of all C(z°, r) for z^ e S. Thus /S’’ is a 
neighborhood of S of “ radius r. 

Theorem 3 . Given a domain JD, if S is a compact set in D, if, for 
some r > 0 , the closure of is likewise contained in D, if Q: (zj, • • ■ , 
zj) is a point in D — S% and if for every function g(z) in D the relation 

W k(Q)| < max.gs |fl'(z)| 

holds, then for every f{z) in D the power-series 

W /( 2 ) = San,... n* (2^1 — zj)"» • * * (Za: — zj)”* 

about the point Q is absolutely convergent in ( 3 ). 
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Proof. For any ^ e D we have an expansion 


( 6 ) 

where 




Xa 


ni 




(r)(^i — ro 


ni 


C^Aj ^k) 


nit 


71x1 


njfc!an,...n*(rt = 


ani+--*4n*J(g) ■ 

* • • dz^*‘. 


dz 




Thus an»...n*(rt is analytic in f over D. Now, by formula (14), 
Chapter II, if |/(z)| < ikf in the closure of C(f, r) then 

(7) kn, . . . n, (r) I < •*•+-* 

Now since f(z) is analytic in D, and since the closure of lies in D, 
there exists a constant M such that \f(z)\ < M in the closure of S^. 
Thus (7) holds for all ^ in S. We now apply the decisive assumption 
(4) to all functions ani...n*(r)- As a consequence, (7) holds also for 
f,- = z°- and thus (5) converges in C( 2 ®, r), and this completes the proof 
of the theorem. 

The criteria for existence of an analytic completion of a domain 
jD, as derived in Chapter IV, bore on the geometric structure of D. 
The criterion to follow is seemingly not so. 

We will say that D is locally connected at the boundary point P, 
if every spatial neighborhood of P contains a subneighborhood whose 
intersection with P is connected. 

Theorem 4. // D has the frontier property at P then there does not 

exist an analytic completion D' of D which contains the point P. 

However, if D does not have the frontier property at P, and if D is 
locally connected at P, then such a completion does exist. 

The first part of the theorem is a conclusion, already drawn, fro m 
Theorem 1. 

Now for the converse. If P does not have the frontier property, 
then there exist a compact set 8 in P and a spherical neighborhood 
Vo of P, with closure outside S and such that for every f{z) in P and 
every Q in Vo • P, 

|/(Q)| < max.gs |/(2:)| 

By Theorem 3, there exists an r > 0 such that for every Q — Q(z^) 
the series (5) converges in C(Q; r). Now choose a subneighborhood 

T 

V of P contained in Vo and of diameter < -- whose intersection with 

4 

P is connected, and choose any fixed point Q in this intersection. 
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Then (5) is the continuation of f(z) from D into D' ss D -+• N, The 
proof is finished. 

Theorem 4 is very strong. For instance take the following 
conclusion : 

Theorem 6. If D is locally connected at P, and if every function f{z) 
in D can he continued into some neighborhood Nf of P, then all functions 
in D can he continued into a common neighborhood N of P. 

In fact, by hypothesis, P cannot have the frontier property; if it 
had it, there would exist by Theorem 1 a function in D which is 
unbounded at P and hence not continuable beyond P. However, if 
P does not have the frontier property, D can be completed beyond P 
by Theorem 4. 

Theorem 6. If [P] is a set of points on the boundary of a domain D 
at each point of which D is locally connected and if there is no completion 
of D containing any one point P, then there exists a function f{z) in D 
which is unbounded at all points P. 

The theorem follows again from Theorems 1 and 4. A more 
general situation arises if we consider a radiated domain as in section 
6, Chapter IV. Such a domain consists of '^segments’' 

= (rri, • • * , r^k), 0 < p(r) < r < o-(r) < oo 

where T = (^i, ’ ' ' > Ta) runs over a domain B on the unit sphere 
|fi|=“ + • • • + Ifth = 1- By an argument which was used in the 
course of section 6, Chapter IV it is easy to see that any top point of a 
segment, that is r = oo)^ is a boundary point at which D is 

locally connected, and so is every bottom point r = p(f), provided it 
is not the origin, that is, provided p(f) > 0. Now assume that our 
radiated domain is maximal from below and above, in accordance 
with the definition given near the end of section 6, Chapter IV. Then 
by Theorem 6 there exists a function /( 2 ) in D which is unbounded at 
all those points (that is at the top and bottom points of all the seg- 
ments, excluding those for which p(^) = 0 or o-(^) = oo). Assume 
further that the basis of our radiated domain consists of the whole 
unit sphere. If D is maximal from below and above (or even only from 
below), then by Corollary 1 of section 6, Chapter IV, it follows that 
p(r) = s.nd every function in D is automatically analytic at the 
origin. Thus we may add the origin to our domain D. Defining a 
star domain to be a domain of the form contained on the whole 
unit sphere, 0 < r <!cr(^)] and using Theorem 6 we now have the 
following generalization of Theorem 2. 
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Theorem 7. A star domain is maximal if and only if it is a domain 
of regularity. 

§3. Relative Completion 

We consider in a domain D a family of functions which is closed 
with respect to operations of addition, multiplication, multiplication 
by arbitrary constants, continuous convergence, and partial deriva- 
tion. Since only these operations were used thus far, we may readily 
introduce the concept of completing D to a domain D' relative to the 
given family of functions, and our theorems (except for Theorem 5) 
will hold- Of course, the smaller the family of functions the better 
the chances for completion. However, there are some striking cases, 
when shrinkage does not necessarily affect the completion and we are 
going to elaborate one such case. 

But before doing this we will insert a remark on functions of real 
variables. If is a domain in real variables, and a family of real 
analytic functions is closed as before, then our theorems remain true 
provided the family is ''locally compact.’’ By this we mean that 
any set of functions of our family which are bounded on every compact 
subset ^ of D is a maj orized set in S. This remark has some interest 
in connection with the fundamental Theorem 3, since for the validity 
of this theorem the family need not be closed under multiplication 
but only under partial derivation. It can be shown, for instance, 
that Theorem 3 can be adapted in its wording to apply to the solutions 
of the equation 


dzj 


_j_ . . . _j_ 




= 0 


(all 2/ being real). However, in other circumstances. Theorem 1 has 
the advantage over Theorem 3. For instance, consider a domain D 
in a complex analytic coordinate space S 2 *, see section 4, Chapter III. 
In this case. Theorem I carries over immediately, but Theorem 3 not 
at all so, since partial derivatives of a function are not again scalar 
functions but components of tensors. The way of remedying this 
situation would be to introduce a Riemannian metric on the space, 
but this would load us too far afield. The metric can be avoided as 
long as the space 2^ 2 k is a "multi-valued” domain over the ordinary 
J& 2 A:- However, any inclusion of points at "infinity” as interior points 
would necessitate the introduction of a metric. 
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§4. CONVEX TUBES 

A tvhe T in the space of z, = x,- + iyjy j = 1, • • • , A;, is any 
point set which can be represented in the form 

(Re 2 i, • • • , Re «*) C — oo < Ixnzj < oo 

where S is any set in the fc-dimensional space (a;i, • * • , x*). If corre- 
sponding to any real point (xj, * * * , xj) we introduce the /c-dimen- 
sional manifold 

(8) Zi = xj + iyj, ~ oo < yj < <» 

then whenever T contains one point of (8) it contains all of them. 
The point set S in Ek will be called the basis of T, and we will also 
use the symbols Ta and St to denote respectively the tube with basis 
S and the basis of the tube T. Obviously T is open, closed, connected, 
convex in whenever S is so in Ek, and the convex hull of a tube 
is the tube over the convex hull of the basis. Unless otherwise stated 
the tube T will be assumed to be a domain. It is easy to see that the 
transformation 

(9) w^. — * * * , Wk ^ e*^ 

turns T into a Reinhardt domain D in {wi, * * * , ii>jfc)-space which 
has the restrictive feature that all components of all its points are 
any manifold (8) turns into an orbit of D (see section 7, Chapter IV). 
The transformation is many to one, being periodic with period '2nvi 
in each variable. Conversely if D is any Reinhardt domain which 
does not intersect any “ plane Wj = 0, then (9) transforms its uni- 
versal covering space into a tube. Every analytic function in D goes 
into a multi-periodic function with periods %ri in T, and vice versa. 
The tube whose basis is a rectangle 

JfSJ . otj Xj 3 ~~ I > * * " > ^ 

corresponds to the product of annuli 

( 10 ) < \wi\ < e^^ 

If (10) lies in D, and if F(w) is analytic in D, then we have Cauchy’s 
formula, see formula (9), Chapter II, with each curve C,- being the 
sum of the directed boundary circles of the annulus (10). Hence we 
can derive a Laurent expansion 

(11) • • • U)? 
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in analogy to the classical derivation for the case A; = 1, in much the 
same way as we derived in Chapter II the multiple poVer-series for 
products of circles. The Laurent series is absolutely convergent in 
the interior of the annulus, and, it is easily seen by induction on k 
that it is uniquely determined, no matter how arrived at. In particu- 
lar, if F{w) can be continued into the product of the circles \wj\ < 
the Laurent series is the corresponding power-series, with redundant 
coefficients being 0. 

The function f{z) = F(e*) has the expansion 

( 12 ) 

in the interior of Tb, If and are two fully intersecting rec- 
tangles, then by the uniqueness of Laurent expansions, the expansion 
which corresponds to any rectangle in the intersection Rx • R^ must 
converge in Tr^ and T«,. Thus there exists one expansion for all of T, 
Conversely, the set over which a series (12) converges is a (general) 
tube, since it is the set over which 

(13) an, . . . n*| 

is finite, and thus the largest open set over which (12) converges is an 
open tube. 

Theorem 8. The point set over which cl series (13) is convergent is cl 
convex set. 

Every {open) convex tube is the domain of regularity of a periodic 
function with an expansion (12). 

Proof. If ^ > 0, B > 0, and 0 < < 1, then < (A -f- B)^ • 

(A + — A -\- B. Hence, if x' = {x\, * • • , x*) and x" = 

(x", • • • j x'k) are any real points, and if x is the point with the com- 
ponents X/ = t>Xy + (1 — t?)x", then 

I gj I * * * 4 nkxk 

- nfc| 

= (|ani . . . n*| ’ ■ ■ +«***')•> (|ar , . . . n*| ■ ' ' -f-n***") l-i} 

< I a„,...n* I ■■■*■”***' 4- 

Thus, if (13) is convergent for two points it is also convergent for all 
points of the conjoining segment. 

As for the second half of the theorem, by Theorem 1 it is sufficient 
to show that corresponding to any boundary point + iry of 

the convex tube there exists a series (12) which is convergent in T 
but unbounded at It is easy to see that for that purpose we may 
translate each component by an imaginary distance, hence we may 
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assume that our point is a real point (^ 1 , • • * , $*). Since (^i, * * • , 
^k) is a boundary point of the convex basis S there exists a supporting 
plane 

L(x) = cciXi -f- • • • -f" oikXk 4“ Y ~ 0 

such that for x e L(x) < 0, but L{^) == 0. Corresponding to 
n- = 0, 1, 2, • • • we introduce integers p,(n) for which 

\Pi(.n) — nai\ < 1 

Obviously 

\nL{x) — [p\{n)x\ + * * • + Pk(n)xk + ^y]| ^ |^i| + * ' * + |ic*l 
and hence 

(14) -= p(a;) 

where 

< gla:il+ • • • +lacAl 

The multi-indices (piin), * * * , Pki'n)) occurring on the left side of 
(14) need not be different from each other, but collecting terms of the 
same multi-index we obtain 

• ' ' +”*** s p(x) 

the coefficients of the left series being nonnegative. Since L(x) < 0 
in S, but L{x) 0 as (x) — (^), we see that the corresponding series 
(12) with the nonnegative coefficients [a] just obtained converges in 
T but its sum is unbounded at ($). 

Theorem 9. Every tube has a uniquely determined largest analytic 
completion. It is the convex hull of the given tube. 

Thus far we have proved this theorem for completions relative to 
multiperiodic functions. But we will prove in the following sections 
that the theorem also holds for completions relative to any functions 
without restriction. We will have only to show that every analytic 
function in a tube has a continuation into its convex hull. The second 
statement of Theorem 9 will then follow from the second statement of 
Theorem 8. 

§6. Analytic Functions in Elliptical Polycylinders 

Denoting by C(ra) the polycylinder 

(15) |^«1 < r«, a == 1, • • • , fc, ra > 0 

a slight adaptation of the argument in section 4 will readily give the 
following theorem. 
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Theorem 10. If F(<i, •**,<*) is analytic in the union of two 
polycylinders (!7(r«), C(ra) it is continuahle into the union of all poly- 
cylinders Cird) where 


(16) log ret = ^ log + (1 — H) log 0 < < 1 

the continuation being effected by the expansion 


(17) 


■yoo 



of F{f) in the neighborhood of (f) = (0). 

We are now going to generalize this theorem from circles to ellipses 
If t = re***, r > 1, and 


(18) 



then 

(19) 


z 



1 . 

cos <P 



sin ip 


Thus the circle |^| = r, r > 1, maps into the ellipse 


( 20 ) 



with foci at (±1, 0) and r as the sum of the two semiaxes. Since 

t = z + {z'^ — 1)^ 

where, for large z, 


(z^ — 1)^ == z -f- 0 


the ellipse (20) is 

\z + (s^ ~ l)*j = r 
We also introduce its interior 
(21) E{r): |z + ( 2 " -- 1)^| < r 

We now consider a second set of variables 

1 


( 22 ) 




T = r + (f' - 1)* 


and we state the following lemma 
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Lemma 1. If 

(23) Roiz) 

(24) 
then 


1, jB„(z) = <» + «-“, 




It 1 

2 1 7 "^ 


^ > 1 


(25) |i^n(2)| < 2r"*, for z on the boundary of ^(r), r > 1 

It* 1 

(26) |^rn(f)| < - - — - —> for ^ on the boundary of E{r)f r > 1 

For 1 < 1^1 < |t| we have 


(27) = SS_ofin(z)fl-n(i-) 

f — z 

the series being absolutely and uniformly convergent if, for 'positive nurrv- 
bers 8 and M, 

1 < 1^1 < |r| - 3 < ikf 

Proof. Relations (25), (26) follow immediately from the definitions. 
The principal statement of the lemma follows from the (admissible) 
expansions 



The lemma leads to the following theorem: 

Theorem 11. Let fiz) be analytic in an elliptic poly cylinder 

(28) £'(r«): \z„ ^ ~ 1)^] < r„, ot ^ 1, • ^ ^ k 
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where 


(29) 


r* > 1, ot — • j k 


Then f(z) has a unique development of the form 


(30) ' i ’ ^nkC.^k) 


valid in E{rct)j the convergence being absolute and uniform in every 
interior polycylinder ^(p«), for which 1 < Pa < ^«, cu — 1 , • • • , it, 
the coefficients satisfying 

(31) <^(p)pr‘ • ■ ■ PP* 

(tiij * * * > nk Oj Ij 2j ). t ft 

If f{z) is analytic in the union of two poly cylinders (/*«), E(r'a), 

it is continuahle into the union of all polycylinders E(ra) where 


(32) log r« = log + (1 — i^) log r«, 0 < < 1 

the continuation being effected by the series (30). 

Proof. By Cauchy formula, 


(33) /(2i, 


Zk) 


\%n/ 


/ 


/ 


/(r 


ij 


^k)d^^ 


d^k 


(ri — 2 i) 


iXk — Zk) 


where the integration extends over the boundaries of ellipses E{pa) 
with 

(34) pa Pot 'f' a 

By Lemma 1 the series 


= 2“„o^n(2«)iy^n(r«) 

r« — 

converges absolutely and uniformly for (Za) in. E{pa) and (i'a) on the 
boundary JB{p'„) of E{pa)- We insert these series into (33) and 
integrate termwise, thus obtaining the series (30) with’ 

Jb(pi') * • * /s(p*')/(ri, • * * , Tfc) 

HnX^l) • • • HrtA^k)dtl ' ' ‘ d^k 

On using (26) we obtain the inequalities (31), with a constant K 
depending upon the pi rather than on the pa themselves. 

The uniqueness of the expansion follows now, on basis of (31), 
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from the uniqueness of the Laurent development 



•"fc“ 


0®«1 ■ 


njk 


(<i‘ + <r“) 


(«:* + «r“), 


< l^«| < ^« 

' a 


Finally, if f(z) is analytic in the elliptical polycylinders E(r'^), E(r”), 
then, on the basis of (31), power-series (17), with the coefficients of 
the expansion (30), will likewise converge in the circular polycylinders 
E(Tct) and C(ra). By Theorem 10, the power-series will converge in 
any C(r«) satisfying (16). Hence, by (25), the expansion (30) will 
converge continuously in ^(r«), and this completes the proof of the 
theorem. 

In the following section we shall replace the polycylinder E(ra) 
by the polycylinder Ei(tc^ whose components are ellipses with foci 
at the points Za = il, ilj the quantity being again the sum of the 
two semiaxes of the oj-th ellipse. The quantity ^ is a fixed positive 
number. It is easily seen that the following statement remains valid. 

Lemma 2. If f(z) is analytic in the union of Ei(r'^) and Ei{r”) it is 
continuable in the union of the Ei(r^) which belong to the family (32). 

§6. Completion of Tubes, a Special Case 

Let us consider a tube whose basis is the sum of two A;-dimensional 
rectangles 


(35) 

(36) 


a 

< 


q: = 1, • 

■ ■ ,k 

x« 

< 

f/ 

QJ = 1, • 

• ‘ , k 


Since a linear transformation of the a;-coordinates can be interpreted 
as a linear transformation of the z-coordinates and carries tubes into 
tubes we are actually dealing with the case of a basis ^ which is the 
sum of two rectangles which are concentric and coaxial. 

The tubes (35) and (36), that is the tubes with these bases, contain 
respectively the elliptic polycyclinders 


Ei(r'J: 


Ei{r '^) : 


with 



this being true for every positive 


a: = 1, • • • j h 

a = 1, • • • , A; 

— a« -j- + P' 

value of Z. Thus by Lemma 2, 
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f(z) is analytic also in the polycylinder Ei(ra) whose minor semiaxes 
Ga satisfy the relations 

log [aa + 

= t? log K + Va'i 4- + (!-.>) log [a" + Va"* + !=>] 

or, what is the same, 

(37) log 

= log + '^"^ + lj + (l — t>) log + 1 

If we let I °o , relation (37) goes over into 

(38) a« = t^a« + (1 ”■ t^)a«, 0 < < 1 

and the poly cylinder Ei{ra) converges to the corresponding tube 

(^at) Ot 1 , * * * , ^ 

The totality of these tubes for all in 0 < < 1 is the convex hull 

of the tubes (35) and (36) and we thus obtain the following special 
case of Theorem 9. 

Lemma 3. If f{z) is analytic in a tube T whose basis S consists of 
the sum of two rectangles which are concentric and coaxial j then f(z) is 
analytic in the convex hull of T. 

§7. THE General Case 

The transition from the special base as in Lemma 3 to the most 
general domain S will be purely point-theoretical. We will carry it 
out in three steps. 

Step 1®. Crescent-shaped wedges. Consider first, for /b = 2, a 
domain S in the {x, ?/) -plane which is bounded by two convex curves 
y = (p{x), y = ^(x), with <p{()) = v?(l) = ’/'(O) = ^(1) = a, and (p{x) < 
yp{x) for 0 < X < 1, (See Figure 1.) We will vary 4 '{x)j and denote 
S explicitly by >8^. If ^ and (^i(a^) and 1 ^ 2 ( 3 ;) being 

convex functions) and if an analytic function in the tube T(S^) can 
be continued into both T(/8^i) and T{S^^), then, as the reader will 
verify without difficulty, these continuations merge into one (one- 
valued) continuation into T(S^^) where ^3 = max (i/'i, ^ 2 ). Also 
4 fz{x) is again convex. Now consider all convex functions ^5'(x) > ^(x) 
such that T(aS^) is an analytic completion of T(S^) and form the 
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function, again convex, 

(39) == sup^ ^{x) 

Obviously is an analytic completion of T(S^) and we claim 

that is the convex hull of that is, 

(40) s a 

If this were not the case we could construct a configuration, as in 
Figure 2. The point C is the minimum nearest to (0, a) of ^*(a:). 


Y 



Figure 1. 


and Z) is a point sufficiently near to C so as to enable the insertion in 
of two coaxial and concentric rectangles R as in the figure. By 
Lemma 3, the tube with basis the convex hull 5 of ig is an analytic 
completion of T(R)j and since R intersects S^* in a domain it follows 
that the tube with basis H + is an analytic completion of T(Si,*) 
and hence of T(S^). However, the domain & + is bounded by a 
convex function ^'(x) > ^*(x), and is genuinely greater than since 
the point C is not contained in but is in Sh which is contradictory 
to the definition of ^*(x). This yields (40) for the case A; = 2 
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For k > Z we call the variables x, 2 /, aja, • • • , Xk and define a 
crescent-shaped wedge as a 2-dimensional crescent in (x, 2/) -coordinates 
as described before multiplied topologically with a (k --'2)-dimensional 
cube 


(41) kal <5, • • . , |a;,.| < 5 

The previous argument extends to cover this case as well. Thus the 


Y 



[(x, y) e S^, 
is the tube with basis 
[(^> 2 /) ^ 


1 1,1 < s , 


X3 


< 5 , 


|x*| < 5] 
kjfcl < 5] 


where ^*(x) s a as in (40). 

Step 2®. Union of two intersecting convex domains. Assume that S 
is the union of two intersecting convex domains and >^ 2 , all in 
(xi, • ' • , XA:)-space. See Figure 3. Take any point Pi in >Si, a 
point Pa in St, and a point O in the intersection St^ In the 
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triangle P1OP2 take a point O' sufficiently near O and in a suitably 
chosen oblique coordinate system identify the curves P1OP2 and 
PiO'P2 with the curves <p(x) and respectively. For fc > 3 multi- 
ply topologically by a small cube of {k — 2 )-dimensions. If f{z) is 
analytic in T{S) then it can be continued analytically from the tube 
with basis the wedge P1OP2OP1 into the tube with basis the “tri- 
angle'' P1OP2 (with {k — 2 )-dimensional thickness) and since this 



triangle intersects in a domain, this is a genuine continuation. Any 
two “triangles," being convex, intersect in domains, or not at all, 
thus by Theorem 5 , Chapter II, we may continue fiz) from the tube 
with basis S into the tube with basis the union of all triangles P1OP2, 
with Pi contained in Si, P2 in S2 and O in 81^82. We now claini 
tha,t the union of S with all such triangles is the convex hull S of S. 
It is obviously part of the convex hull. Thus it will be sufficient to 
show that the union S* of all possible segments P1P2 constitutes a 
convex point set. For this purpose let us consider any two points P 
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and Q in /S*. We shall show that every point R on the segment PQ 
lies in S*. By construction there exist two points Pi, in Si and 
two points P2, Q2 in S2 such that P lies on the segment P1P2 and Q 



lies on the segment Q1Q2. In vector notation this means 


P = XiPi H- XaPz (0 < X < 1, X2 = 1 — Xi) 

Q = MiQi + J^2Q2 (0 < Ml < 1, = 1 ~ Ml) 


Now any point R on the segment PQ is given by 

R = pP + <rQ (0 < p < 1 , o- = 1 - p) 

= (pXiPi + crpiQi) -f- {pXuP 2 + 

[ pXl , O'Ml 

pXi -f- 


(pXi + o-pi) 


Pi + 


o-pi 

+ (pX2 + <7‘M2) 


pXi + crpi 
pX 2 


Q 


.] 




pX2 + crM2 


P2 [ 


<rM 2 


pX 2 "i“ 0 'M 2 


Q 


.] 


(pXi + crMi)Pi + (pX 2 + o'M 2 )P 2 


where Pi is a point on the segment PiQi (and hence in S^ and P2 is a 
point on P2Q2 (and hence in S2). But since 

(pXi + (TMi) + (pX2 H“ crM2) = p(^i “f" ^ 2 ) “h cr(/xi + M 2 ) = p + o' = 1 

it follows that R lies on the line segment R1R2 and hence by construc- 
tion must lie in aS*. Thus S* is convex by the definition of convexity. 
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Step 3°. Arbitrary domains. Let S be any domain in {x^ • * *, 
XA,)-space, let P be any point in jS, and AT == JV(P) a neighborhood of 
P contained in S. Let M = M{N) be a maximal convex domain 
containing N and such that the tube T{M) is an analytic completion 
of the tube T{N). We shall show that M contains the convex hull 
S of Sj 

(42) E Q M 

If (42) does not hold, then there must be a point Q in S not in M. 
(See Figure 4.) Join Q to P by an arc lying in S, and let P be a point 
in which this arc cuts the boundary of M. Let AT' = N'{R) be a 
neighborhood of R contained in S and let ilf' = M\N') be a maximal 
convex basis containing N\ Then T{M \yM') is an analytic com- 
pletion of T{S) and the two convex domains M and M' clearly inter- 
sect (near R). Thus by Step 2® the tube T with basis their convex 
hull is an analytic completion of P(W), but this contradicts the 
maximality property of M. Thus (42) holds and Theorem 9 is proved 
in its full generality. 
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CHAPTER VI 


Inequalities, Bounds, and Norms 

§1. INEQUALITY OF JENSEN -HARTOGS 

Consider a function f(z) of one complex variable z ^ x iy. 
the function is analytic in (a neighborhood of) 

(1) 1*1 < p 

and if we introduce the Poisson kernel 


If 


( 2 ) 

where 

(3) 




\ 

27r — 2pr cos {ip — a) + 


z = ^ — pe'^y 0 < r < p 


then the inequality we have in mind is 

(4) log \fiz)\ < ;rp(2, f) log \m\da 

For the proof we first note that the inequality is additive: if it holds 
for/i(2:) and/2(2) it also holds for/1/2 since log I/1/2I = log |/i| + log I/2I. 
Next, the function /(2) has at most a finite number of zeros inside and 
on (1). Denoting the zeros in |z| < p by oi, • ■ • , a^, and those on 
I25I =z p by 61, • • • , bq, with multiple zeros occurring a number of 
times corresponding to their multiplicities, we write /(z) as the product 


(5) m ^ I7(z)n'_i ^ ^ - b„) 

— dmZ 

In this factorization, g{z) is defined by the relation stated, as the 
quotient of f{z) with the other factors. We will now verify (4) for 
each factor separately. The factor g{z) is analytic and has no zeros 
in (1), and so log g{z)\ = Re[log g{z)] is a harmonic function in (1); 
therefore, (4) holds, as a strict equality, on the basis of Poisson's 
formula for harmonic functions. In the case of a factor 


p{z) 




< P 


we have \p{z)\ < 1, that is log \p{z)\ < 0, in \z\ < p, and Iv^Cr)! = 
that is log |^(r)| = 0, for |t| = p; therefore (4) holds as a genuine 

inQ 
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inequality. Finally in the case of a factor ^( 2 ) = « — 6 , b = pe^, 
we may first assume, replacing z by 26 , that p -= 1 and 6 = 1 , and 
thus it will suflSlce to prove that 

( 6 ) log \z-l\ =- frP(z, €-) log \e^ - l|d« 
for \z\ < 1 - 

For any 6 > 0, the function 2 — 1 — € has no zeros in \z\ < 1 , 
and thus we may start from the relation 

(7) log |z - 1 - «| = Sl'Piz, e*») log |e<“ - 1 - e|da 

Letting e — 0, in order to derive ( 6 ) from (7) we will apply the follow- 
ing property of Lebesgue integral (the principle of dominated con- 
vergence). If Oeioi) — ^ p(a), for almost all a in a < a < 6 , and if 
k-Wl < h( <x) where S\h(oi)doL < <» , then 

S\g€{ot)doL ilg{a)doL 

In our case, since 

( 8 ) 0 < Piz, 

it will be enough to verify that, for 0 < c < 1 , 

(9) |log |e“ - 1 - ell < h{a) 
where 

(10) j^h{ot)dcc <i 00 
Since 

2 sin ^ — 1— e| <2-l-e 

relation (9) will be satisfied for 

a 

h(oi) = log 2 sin — + log 3 

jU 

and this obviously satisfies (10). This completes the proof of the 
inequality (4). 

Our next aim is to generalize formula (4) to functions of several 
variables. In this connection it is appropriate to consider an enlarged 
concept of Lebesgue integral with free use of the real value — 00 . If 
gr(a) is defined on an interval a < oc < h, and if its values are con- 
tained in a half line — 00 < g(oi) < C, for some finite ( 7 , then we call 
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g{a) measurable, if for every the set of points for which g{a) < \ is 
a measurable set. In particular if g{ot) is measurable, then the point 
set on which g(^a) = — oo is measurable, and its measure may be > 0 
With g{cL) we can associate an integral 5lg{oL)doL which is a finite 
number or - oo . It is additive, and linear with respect to positive 
coefficients. Furthermore it has the following important property. 

(11) G^Xoi)ig{oL) 
then 

( 12 ) 5\i9n{ot)dalS^^g{oL)dot 

where means converges decreasingly to. In particular, if g{a) 

is given, we can find a seQ,uence of functions gnijoc)^ each bounded, 
such that (11) holds and thus our enlarged Lebesgue integral is, for 
each function, a limit of integrals of bounded functions. The first 
use we make of the enlarged concept is to admit in relation (4), and 
in the subsequent generalization to several variables, the function 
f{z) = 0. For this function both sides in (4) have value — oo, and 
the relation holds. 

Our enlarged concept applies to any Lebesgue integral, and in 
particular also to functions in several variables. Now let g{ot, fi) be 
defined and measurable in a square 0 <q:< 1, 0</?<1, and of 
course — oo < / 5 ) < c, for some C. The important fact is that 

Fubini's theorem again holds. It states that the repeated integral 

(13) ildoiSlg{a, ^)d/5 

likewise exists, and that it has the same value as the multiple integral 

(14) I3)dad^ 

whether finite or — oo . Furthermore the theorem also holds if ex, jS 
are representative of collections of Euclidean variables, say. 

We now consider the case of k complex variables. Putting 

(15) 2,- = j = 1, ■ ■ ■ , k 

(16) P*(2. f) ^ ntiP(2,-, fy), 0 < ry < py 

we claim that for any function f(zi, ' ‘ , Zk) which is analytic in 

(IV) |z,| < Py, j ^1, ■ ■ ■ ,k 

the relation 

(18) log |/( 2 )| < /r • • • JrPt(z, f) log |/(r)|<i«y ■ ■ ■ 
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holds. First of all log |/(pie'«>, • • ■ , pte'**)! is a descending Umit as 
elO of the continuous functions 

g,(<x) = log (|/(pie*«S • • • , PAe*"*-)! + e) 

and thus it is measurable in ai, • • • , a*. Now, for A; = i, (18) has 
been proved. If it is known to hold for some k, and if f(z; zt+i) = 

f(zif * * • , Zkf Zk-\-i) is a function of A: + 1 variables, we have first of 
all, by (18) 

(19) log |/(z; < /r • • - f) log l/Cf; ^^^^)\dcL^ • ■ • d.. 

By (4) we have 

log 2 *+i)| < /rPCzA+i, f*+0 log |/(f; f*+i)|dat+x 

and on substituting this in (19), and applying Fubini’s theorem, we 
obtain relation (18) for A; + 1. 

In certain cases it is useful to have a counterpart to the estimate 
(8), namely 

( 20 ) 

If we assume that |/(f)| < 1, that is 

(21) log l/(r)| < 0 

then we can deduce from (18) that 

(22) log |/(z)l < ilf*(p; r)/*' ■ ■ • /I' log |/(J-)|d«. 

where = doci • • • doLk. If A is any measurable set on the /b-dimen- 
sional torus 

0 2x, y — 1, • • * , A: 

then, under the assumption (21) we certainly can replace (22) by the 
weaker inequality 

log \f{z)\ < Mk{p; r)fA log J/COldva 

Now, if |/(p,e*“0| ^ < 1 on Aj and mA denotes the measure of the 

set Af we hence obtain 

log \fiz)\ < — Afkip'f r) * mA • log — 

6 

Hence we may conclude: if the functions /«(«), — 1, 2, • • • , are 

analytic and collectively bounded in (17), and if they are uniformly 
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convergent to 0 on a measurable subset A of the torus 

(23) 1^7 1 = Pit 0 < a, < 2 t 

and if A has positive measure, then the sequence /«(«) is continuously 
convergent to 0 in the interior of (17). 

By a conformal mapping of each component Dj onto a circle the 
reader will hence derive the following theorem: 

Theorem 1. IfD = Di'X • • • y, Dk is a poly cylinder, if the bound- 
ary of Dj is a J ordan curve Cj, and if C'- is an open arc of Cj; if the func- 
tions fniz) cire analytic and collectively hounded in the closure of D, and 
uniformly convergent to 0 on the subset C[ y X of the boundary 

of D, then the functions are continuously convergent to 0 in D. 

We will now formulate a very specialized conclusion from this 
theorem for later use. If H is a convex domain in real (xi, * * * , x*)- 
space, and (0, • • • , 0) is a point of its boundary, if Tn is the tube 
with basis H, and AT is a (convex) domain in (z)-space containing the 
origin, if g(ji) is analytic in N and if the functions fn(z) are analytic 
and boundedly convergent in the closure of Th and uniformly con- 
vergent to g{t) on the intersection of N with the fc-dimensional manifold 

(24) Re = 0, • • ' , Re = 0 

(which lies on the boundary of Th), then the limit /(z) of the sequence 
Uz) is an analytic continuation of g{z) from N onto N -f- Th. In 
fact, since H is convex, and (0) a boundary point, there exists a 
parallelepiped A in x-space with (0) as one of its vertices, whose 
closure but for that vertex is contained in H. A real homogenous 
transformation will make A into a parallelogram 

A: 0 < Xj < cxj, j — I, k 

We now construct a 2/b-dimensional parallelogram 

(x) e A, —a<yj<a, j =* 1, • • • , A; 

For A and a sufficiently small, it is contained in N. It also is of the 
form D\ X ■ ■ • X Dk as in Theorem 1, and a portion of (24) is of the 
form C{y • • X CJ;. Our conclusion now follows by applying 
Theorem 1 to the functions 

fn{z) — g{z), n = 1, 2, • • • 

§2. Maximum on the Boundary 

If f{z) is analytic in a bounded domain Z> in (zi, • • * , z*) space 
and has continuous boundary values fix) on its boundary B, then we 
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shall show that 

(25) \f{z)\ < supj- s B |/({^)|, z e £> 
with equality holding at any one point of D only if 

(26) |/(2')| — const. 

In fact, if Xo is the maximum of |/(2)| in Z) + J5, and L is the point set 
on which j/(z)| = Xo, then either L ^ D, and this implies (26); or L 
is contained entirely in B, thus implying (25). To see this we note 
that if the intersection D were not vacuous, then the open domain 
D — D) would have a boundary point in D. This point 

would belong to L, and thus at this point |/(s)| would have a weak 
relative maximum without being constant in the neighborhood of 
2 °. However this can be shown to be contradictory as follows. If 
we shift 2 ® into the origin and apply Cauchy’s formula (9), Chapter II, 
for the curves C,-: |^/| = p,- with 2 = 0 and p,- sufficiently small, we 
obtain 

(27) /(O) = /§'••• /r/(p, «'"'■)*« 

hence 

(28) 1/(0) I < ■ • • Sr\Kp,e‘-’)\dv^ 

and thus \f(z)\ cannot have a maximum at an interior point, without 
being constant in its neighborhood. 

The same argument also yields (25) for an unbounded domain D, 
provided 

(29) |/(2J)1 ^0 as “!“•*’+ 1^*1 ^ — >co ^ with z^D 

Now, if Z) is a tube Ta with bounded basis Ay and/( 2 ) is bounded with 
continuous boundary values /(f), then following Phragmen-Lindelof, 
we consider the functions 

/.(«) = /(z)e*<«’ + ■••+«’) 

for € > 0. For each /*( 2 ) we have (29) and hence (25). Now for 
« — ^ 0; /«( 2 ) and 

lim,^o supf e ^ \Mt)\ < supf g b |/(f)| 
and thus (25) holds for f(z) itself. 
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Furthermore, for any real numbers ai, • • • , the function 

(30) •••+«*« 

is again bounded with continuous boundary values in Ta, and thus on 
introducing the function 

Mf{x) — sup__oc<i/y<oo |/(^i -}- iy\, ’ ‘ , X]e iyi^\ 

we see that for any real numbers oji, • • • , a* the function 

log Mf{x^ + ociXx -j“ • • • -j- (xj^Xk 

assumes its supremum on the boundary of A, and thus is convex on 
any segment. From this we deduce 

Theorem 2. If A is a domain in (m, • • • , Xk)-spac€, if A is any 
set in A, and if H is the convex hull of A, if H is likewise contained in A, 
and if f(z) if analytic and hounded in Ta, then 

(31) sup* 8 H Mf(x) — sup* 8 A Mf(x) 

It is interesting to compare this result with what we already know 
from Theorem 9 of Chapter V. By that theorem if A is a domain 
in (a;i, * • • , a;*) -space and if f{z) is merely known to be analytic in 
the tube Ta, then / automatically has an analytic continuation into 
the convex hull Ta of Ta, and since / assumes in Th only values which 
it assumes in Ta (see section 1, Chapter IV) it follows that (31) holds 
whenever / happens to be bounded in Ta. 

In order to draw a pertinent conclusion from this theoiem we will 
require some general facts on approximation of real function. We 
will assemble all the facts we will need in this and later chapters in the 
section to follow. 

Before doing this we will just make a remark. It is easy to see 
from Cauchy's formula that for f{z) analytic in (17), the maximum 
of |/( 2 )| is assumed on the subset (23) of the entire boundary. Such 
subsets of the boundary of a domain have been first investigated by 
H. Poincar6, and more recently by S. Bergman (he calls them charac- 
teristic manifolds) and A. Weil. Obviously, such manifolds are 
manifolds of uniqueness. If a function vanishes on such a manifold, 
it must be identically zero. This suggests the possibility of con- 
structing an analytic function from its values on the characteristic 
manifold, and this is tlic main problem in this field. 

§3. Approximations 

Let K{ti, • • * , tr^) be a kernel possessing the following two 
properties : 
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, ^n) > 0, — 00 < ^,. < oo 

2 ®- /!!«, • ' • , tn)dti ' • • du = 1 

An example of such a kernel is 


(32) 


' ' ' t tn) ~ TT 2 


Let/(a;i, * • • , a;n) be bounded and measurable in — 
Then the functions 

(33) Mxi, ■ ■ ■ , Xn) = /« • • • /- /("m + - • • 

\ n 

M == 1, 2, • • • , dvt^ dh • • • dtn 


OO < Xy < 00 . 

n/ 

Kit)dv,, 


certainly exist. Since they represent certain averages of f they may 
be expected to reflect various properties of /, and under certain cir- 
cumstances they may converge to /. We shall give three lemmas 
relating to these matters. 

Lemma 1. Let K(f) satisfy 1® and 2® and let f{xi, * * * , Xn) he a 
hounded measurable function in - oo < xy < co . If in addition f is 
continuous in some domain D then 


^34) /,-/ 

in every closed set S contained in D, where “Zj” means converges uni- 
formly to. 

Before giymg the proof we make two very simple observations, 
based upon the property 2®. First 


(35) /(xi, • • • , a:„) = , x,)if«,, 

for every function /, and secondly 




(36) / • * • /ext CifK {ti, • • * , tn)dvt — > 0 as JV — > oo 

where ext Cn denotes the exterior of the cube Cn, 

(37) C^: ~N <t^<N; ^ ^ ^ 

We now pass to the proof of the lemma. On using (33) and (35) 
we have for x in S and 0 < 6 ^ J Koo) 


(38) \U{x) - f{x)\ < /!!^ . . . S^Jf(x, + 

\ M 

— f{xi, • • • , Xn)\K{t)dvt 
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< /'t. • • • - f(.Xi)\K(it)dV, 

+ / • • • - Jix,^\K{Odvt 

< maX|/y| <3|/(xi 4- <1, * ■ • , Xn ~h tn) 

— fi^h * * * , a;„)l 

4“ 2 inax_oo<x,-<oo j/'Cx) j * J* ■ ■ • /«xt 

where in passing from the next to last to the last inequality we have 
used 2®. On using (36) with N — ix8, where 5 is a positive constant 
independent of n, but dependent upon the closed set S, we see that 
(34) follows. 

For our next result we impose a further condition on the kernel K, 
namely we require that it possess the following property. 

3®. K{ti, ’ ' ' , tn) vanishes outside some finite cube Cm. 


We shall next prove 

Lemma 2. Let K(t) satisfy properties 1®, 2°, and 3®, let f(x) be a 
function defined in some domain D, and for some index p == 0, 1, 2, 
t let f(x) e %ri/ 'Jt^ y tt%at ^s let f hO/Ve con/t^nfU/0\4/S der^vort^ves %rh D 
of all orders < p. Then corresponding to any hounded closed set S 
interior to D there is an index N{S) such that the approximating functions 
fii{x) defined in (33) have the properties 


(39) A(x) e in S for ^ > N{S) 


and 


(40) 




d^f 


dx^^ 


da??' 


dx'l' 


dx^” 


in S; 


O' = 0, 1, • • • , p 

4- • * * Qn ~ q 


Let S be any bounded closed set interior to D. Then if u is suffi- 
ciently large all the points 


(41) 



with a; in ^ and t in Cm will lie in D, indeed it is sufficient that y be 
greater than 


(42) 


NiS) 


\/n M 

dist {aS, boundary of /) } 


On using 3° we see that (33) can be differentiated under the integral 
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(43) to.- = + if) 

for g = 0, 1, • • • , p; gi + * * • + = g, and with 


(44) 


g(p) = 


I d^fjx) 

•| dxf^ * • * dx^’^ 


for X in D 


10 


elsewhere 


Thus (39) holds. The conclusion (40) follows from (43) by Lemma 1 
after replacing g(x) in (43) by a (bounded) function g'{x) == g(x) in 
D' and = 0 outside D', where D' is a domain containing S and with 
closure contained in D. 

The two previous results are inadequate for certain purposes since 
the approximating functions obtained have in general at most the 
same differentiability properties as the original function / itself. In 
order to define approximating sequences of functions having stronger 
differentiability properties we impose a further condition on the kernel 
namely 

4°. K(ti, • • • , in) £ in — oo c ij- < oo 

for some index r = 0, 1, 2, • ♦ • 

Kernels satisfying !«, 2°, 3° and 4° certainly exist. An example is 

(45) K(() = I for t in Cm 

( 0 elsewhere 

where the constant c is defined by 

1 

(46) c-i = iM-tHM+t)dt 

It is obvious that this function possesses properties 1°, 2° and 3®. 
It can easily be shown that it possesses property 4® for every index 
^ 2, • • • . We omit the details. 

Approximating functions fnix) defined as in (33) by means of a 
kernel K(t) satisfying 1®, 2°, 3® and 4® have in general higher orders of 
differentiability than the original function /(r). We shall prove 

Lemma 3. Let K{t) satisfy 1®, 2®, 3® arid 4®, and let f(x) be hounded 
and measurable in - oo < x,- < oo , y = i, • . . , Then with 
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f^(x) defined as in (33) we have 

(47) e in — oo c Xj < oo ^ j = 1 ^ . . . ^ ^ 

For the proof we write 

(48) fnix) == K(t)dvt 

^ M ju/ 

= • • • /*«,/W-^[m(ti - Xi), • • ■ , M(r„ — Xr.)]dVr 

Since K vanishes outside a finite cube (by 3°) (48) shows that for 
each M the function f^{x) has the same differentiability properties as 
the kernel K{t), that is (47) holds for the index r of condition 4 °. 

For later reference it is convenient to state explicitly a corollary 
which we will show to follow from the preceding lemmas. 

Corollary 1. For some index p == 0, 1, 2, ■ • • ^ let <p{xi, • • ♦, Xn) 
helonQ to class in some domain D. Then there is an a'p'proximatinQ 
sequence {<p,i{x)] such that 


(49) e 

and 

(50) 


in — oo < re, < oo 

for every r = 0 , 1, 2, • • • 
d Vm >. d V 

• * • dXn'" • * • dx®" 


in every closed set interior to D j (<7 = 0 , 1 , • • • ,p;gi + • ■ ■ -f- — ?). 

First define 


Kx:) 


(p{x) X in D 
0 elsewhere 


With a kernel K{t) satisfying 1 °, 2 °, 3° and 4° (with 4° holding for 
every r == 0, 1 , 2, • • • , sec example (45)) we define <p^{x) to be equal 
to the function fix{x) of (33). Then by Lemma 3, (49) follows and 
by Lemma 2 , (50) follows. 


§4. BOUNDED FUNCTIONS IN TUBES 

We consider an arbitrary point set A in real (xi, ■ * • , Xfc)-space. 
We do not require that it shall be a domain but we do require that 
it shall be rectifiably connected. By this we understand that any two 
points P': (?i, • • • , ^0, P" (^7, * * * , ll') ^ shall be connected 
in A by a point set C: xj = ^>(s), the functions ^,(s) being continuous 
and of bounded variation in s. We now consider the tube Ta in E 2 k- 
space, and any domain U containing T a. If Ta is a domain (that 
is if A is an open set) then U may be Ta itself, otherwise it has to be 
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larger. However it need not be a tube. Nevertheless, since U is an 
open set in £^2*, if C is any fixed compact subset of A, and a > 0 is 
given, then there exists an open (k-dimensional) neighborhood of 
Na of C, which is not necessarily part of A, such that the domain 

(51) Ua. ix) e Na] —a<yi<a, y = i, . . . ^ ^ 

is part of U. 

We now consider an analytic function /(21, * * • , 2*) in U, and 
we assume that it is bounded there, |/(z)| < M. It is conven- 
ient to express /(2) as a function <p(x; y) = f{xj + m) of the 2k real 
components. 

For fixed X > 0, and fixed 2 = (21, • • • , zjb) we consider the 
function 


where dvy^ = dr]i • • • drjk, for all (^) in A, and we are going to show 
that it is independent of In order to prove this we consider the 
approximating functions 

(53) V'.Ce = /I. • • • v)dv, 

where 


(54) 77 ) s '**+(**— 

Let P . ({1, ■ • • , fi), P": (5j, • • • , {i') be any two points in A. 
We must show that ^(f') = ,A(I")- For this purpose we take our 
previous curve C. — ^/(s) joining P^ and P^^, and the previous sets 
Na and Ua, and a fixed bounded neighborhood iV of C which contains 
iV, for a > ac. We now consider iA.({) in all of W. and we form the 
partial derivative by differentiating (53) under the integral. 

Now m Ua the integral /({; ,) is an analytic function of the complex 
variable and hence dl/dii - —idl/dru. Therefore 


t 

Six 


= /i. 
= 


r- ^ 

S-a ~ dVa 

Svi 


■ ■ flald^d; a, m, ■ ■ ■ , vk) 

- I(i; -a, 172, • • ■ , i7t)]d,j . . . drii 

Now the factor 45(1; 17) in (54) is in absolute value < M in U 
whereas the exponential factor, for (f) e N and r,x = ± a, is in absolute 


< K exp { 71(0* + 'll + ■ • • + 17I) ) with « = - 

2 
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(65) 


d^i 


< L • 


fx = 


X 

2 


and similarly for Now, if the functions ^,( 5 ) defining the 

curve C have continuous first derivatives then 


- Mi') = 51 (~ ■ • • + ^ ds 

\d^i ds d^k ds/ 

and hence by (55) 

^a(^')| ^ kLe~*^ JJ ds 

= k-L’ e-A«**D(P', P") 

where D(P', P") is the length of the curve C. Now, if the curve C 
does not have continuous tangents, then it can be so approximated in 
length within Na, and thus the estimate holds always. Letting 
a we now obtain = ^(^") and thus ^(^) is constant in A, 

Therefore we may consider for any X > 0 the function 

(56) hiz) = • • • /=„<p({; 


the expression on the right being independent of ^ e A. Now for 
each X this function is bounded in any tube of bounded basis. 
Assume now that our set A is bounded, and that H is its convex hull, 
and assume that H has an interior, denoting the latter by Hq. Now 
for (xi, • * • , X*,) e A, put = x,- in (56) and thus for z s Ta, we 
have 

( 56 )' Mz) = . . . ^ 4. 

X[(tfx— 1 jO*+ • • • +Cv^—Vh)'](ly ^ 

Since |/(z)| < M in Ta (even in U) and since the exponential factor 

k 

in the integrand integrates into (ir/X)^ this implies 

|/(^)| < M 

for all z 6 Ta, and all X > 0. By Theorem 2 this inequality holds 
throughout Th. Now, we can pick a sequence of integers {Xi, X 2 , 
• • • } such that the sequence {/xn( 2 )} is continuously convergent to 
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an analytic function g{z) in Te^. Finally we assume that the neighbor- 
hood U of Ta intersects Te^ in a domain. We then claim that giz) is 
an analytic continuation of f{z) from U into U + T h^. We will prove 
this with the aid of the very specialized conclusion stated at the end. 
of section 1. The conclusion will be valid if there exists a point (rcj, 
' - x%) oi A which belongs to Ho or to the boundary of Ho, such, 

that on every compact set of the fc-dimensional manifold 

Re Zj = x^j, — oo < Imzj < oo 
+ iy) + W) as X — > oo 

Now this is the place where Lemma 1 comes in. By that lemma 
applied to (56)' we see that this takes place for any ’ * * , ojJ) 
belonging to A, since f{z) is analytic and bounded on T a. But since 
iJo is the interior of the convex hull of A, then there must be a poinb 
of A either in Ho or on its boundary. Thus the specialized con- 
clusion stated at the end of section 1 applies and hence g(ji) is an. 
analytic continuation of f(z) from U into U + Th,,. 

The restriction that A be bounded can be removed by making A 
a limit of an increasing sequence of subsets A, each of which is bounded 
and rectifiably connected. The corresponding convex sets con- 
verge toward Ho. Altogether we have the following theorem. 

Theorem 3. If A is any rectifiable connected set in real (a^i, • • • , 
Xk) -space whose convex hull H has an interior Ho, and if TJ is any domaiTt 
in (zi, • * • , Zk)-space which contains the tube Ta and intersects the 
tube T in a domain, then any analytic function f{z) which is defined 
and bounded in TJ can he continued analytically to a hounded function ^ 
with the same bound, into all of TJ T 

Remark. If A is a domain in Ek and Ho its convex hull then the 
analytic continuation of a function from Ta into Th has already been, 
proved iii Theorem 9, Chapter V, and if the original function is 
bounded in Ta then its continuation into T is again bounded with, 
the same bound. This latter is a consequence of the general property^ 
stated in section 1 of Chapter IV. 

§6. Lp-NORM FOR Volume Integrals 
We start from the relation 

(57) 1/(0) I » < . . . S\f{p^e^t)\pdv„ 

for analytic functions /(z). For p > 1 this is known to follow from 
(28) by Holder’s inequality. It actually holds for all p > 0 as a. 
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conseciuence of the deeper relation (18) for z = 0, however this does 
not matter for the present. Assuming that f(z) is analytic in the 
closed set A = Ar^ \zi\ < r, we multiply both sides of (57) by pi • • • 
pkdpi • • • dpk and integrate between 0 < p,- < r. This leads to 

(58) 1/(0) |» < ~ /^|/(z) I pdv^v„ 

where dv^Vy = dxidyi • • • dxkdyk is the 2A;-dimensional volume 
element in our space E2k. 

We now take an arbitrary domain D in E2k, and we introduce, 
for any p > 1, the space Ap of complex-valued measurable functions 
(p{x, y) for which the norm 

(59) ||<p|| = ||<p||p == Ud\<p{x, y)\^dv^dvyy 

is finite. This is a Banach space (with complex coefficients), and 
we emphasize that Ap is the total space of such functions in the 2k 
real variables, without regard to analyticity. We now consider in 
Ap the subset Lp consisting of those functions which happen to be 
analytic, <p{Xj y) = f(.z). If the domain D is too large, for instance if 
D is the whole E 2 ki Lp may be empty (but for the element / = 0) as 
the reader will conclude from relation (60) to follow. Or, if it is not 
empty, it might conceivably be a finite-dimensional vector-space, 
although no such case is on record. On the other hand, if D has finite 
volume, then every bounded analytic function in D belongs to Lp, 
and if D is a bounded domain this includes all polynomials. Now 
(58) has very striking consequences for the space Lp. Replacing r by 
r/k, and denoting the constant 7r“*'(r~Uc)^* by wr, we conclude easily 
that for any point P: (zi, • • ■ , z*) in D whose Euclidean distance 
from the boundary of D is > r, we have 

( 60 ) 1 /( 2 ) I < <^M\f\\v 

Thus collective boundedness of a family {Sa{z ) ) in norm implies 
collective boundedness in magnitude on every compact subset of 
D, and, more precisely, the relation 

\U{Z) - /n(2)| < 0,)'\\f„ - /„|| 

shows that convergence in norm implies continuous convergence in D. 
Now, if a sequence {Jm{z) j in Lp is convergent in norm, then as a 
sequence in Ap it is convergent in norm towards some element <p{x, y) 
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of A, and a sub-sequence is convergent point-wise, for almost all 
points, towards <p{x, y). On the other hand {fm{z)} is continuously 
convergent, hence <p(_x, y) is a uniform limit of analytic functions, and 
belongs likewise to Lp, Thus Lp is a closed linear subspace of Ap, and 
hence a Banach space itself. Vi^e now consider any closed linear 
subspace Bp of Dp, and for a fixed function <p s Ap we consider 


X s = irdo ^Bp\\<p ~ g\\ 

If Qn £ Bp is a sequence for which \\(p — — > X, then {gn} is bounded 

in norm. Any sub-sequence contains a continuously convergent part- 
sequence. If go is the limit of such a part-sequence {^«„}, then for 
any compact point set A in D, 


Ja|^ go\^dv^Vy -K limn_^oo /a — gr^^dvi^Vy < 


and hence — ^o|| < X. Thus the inf is attained. We claim that 
if <p itself is analytic, ^ = f e Lp^ then the element g e Bp for which 
11 / “■ ^11 = min, is unique. In fact, by properties of norm, if gx 
and g2 are two minimizing functions, then by Minkowski^s inequality 


f _ 

^ 2 




and thus the equality in the former relations must hold, namely 


/- 


gi 4 “ g2 


— 2 11 -^ ~ + 2 11 -^ 


~ P 2 


Now, as IS well known for Minkowski's inequality, the equality 
prevails only if for almost all points of D, (/ - gx) and (/ - g^) have 
a constant real quotient. Now, either / - ^. ^ 0 , in which case 
an gx f g2, or there exists a neighborhood in which 
/ — ^2 5*^0 and f — gx = c(f — ^2), and this finally implies that 
^ and the minimizing function g is unique. 

Now choose a point in D as the origin, and expand all functions 
f{z) belonging to Lp m power-series about the origin. Consider any 
collection C of monomials ^nd the Unear subspace 

01 whose expansions contain no other monomials. This space is 
closed since convergence in norm implies continuous convergence and 

hence formal convergence. Now consider the family F of functions 
01 Lp with expansions 


/(^) — ■+" (additional terms), 
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where Piz) is any fixed polynomial with terms other than those of our 
collection C and the additional terms are members of C. Varying 
the additional terms means adding an element of Bp. Thus, by the 
previous result it follows easily that there exists a “minimal” element, 
that is there is a unique member /(z) of the set F such that ||/| | = min. 
Thus there exist minimal elements of the form 

(61) /o(z) = 1 + (higher powers) 

fj{z) = Zj + (higher powers), j == 1, • • • , fc 

provided, as we assume, that there are any elements of Lp of these 

particular forms. It was pointed out by Bergman (for p = 2) that 
the {k -f- l)-minimal functions /o, fi, ' ' • , fk of the form (61) have 
some beautiful properties of invariance. Consider a one-to-one 
analytic transformation 

(62) Zj = Zj(z\, • • • , 4) s + (higher powers) 

from D onto a domain !>', with nonvanishing Jacobian J^z') — 

d{zi, • * • , Zk)/d{z\, • • • , zi). For p 5*^ 2 we will have to assume 
2 

that [^/(^Ol^ is an analytic function on D'. By Theorem 8 of 
Chapter II, we have 

(63) S D\f{z)\^dv^Vy = S D'\fiz(z'))[J{z')]p\^dv^rdVyf 
And it is not hard to see that 

(64) f{z)< >f{z{z'))Jiz')l 

is a one-to-one transformation of Lp(z) into Lp{z'). Also, since 
2 

J(z^)v = (higher powers) it is easy to see that 


(65) 




where ff(z) and/f'(z'), i = 0, 1, • • • , fc, are the minimal functions 
(61) for D and D' respectively. Hence, at least in the neighborhood 
of the origin. 


( 66 ) 


f?{z{z')) ftiz'Y 


and thus these quotients are absolute invariants. Omitting the 
superscript “D,” we denote these functions by iu;(z), i = 1, ‘ ‘ ’ , ^ 
and we see that they have the expansion 


Wi{z) = Zj (higher powers), i = 1> * ’ * > ^ 
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Now assume that for our domain D, these functions have the special 
form 


( 67 ) Wj{z) = Zj 

and transcribe these functions by (62) into the domain D\ Being 
invariants, they go aver into 


y/jiz') = Zj{z[^ • • • , Zk) = z] + (higher powers) 

Hence, they cannot have the specialized form (67) in the domain D' 
unless the transformation (62) is the identity z, = zJ. In other 
words the specialized form (67) cannot occur for more than one domain 
D, and thus the specialized form (67) singles out the domain D from 
all other domains D' which are equivalent with D in the manner 
described above. Such specialized domains Z) have been termed 
^'representative” by Bergman. 

We may summarize part of these results as follows. Let D be a 
domain in E^k and for fixed p >• 1 define the (Banach) space Lp con- 
sisting of all functions /(z) analytic and of finite norm in Z), ||/||p < oo 
where the norm is defined in (59). Take some point of D as the origin 
and consider all functions belonging to Lp in D and having the special- 
ized form /(z) = 1 + (higher powers). If any such functions exist 
then there is among them a unique one for which ||/|| = min. We 
denote it by /o(z). Similarly for each i == l, - - • , it there is a unique 
function of Lp of the form /(z) = zy -h (higher powers) for which 
| |/|| = min. among all such functions in Lp. (This assumes that there 
is at least one function of this form in Lp.) We denote the unique 

minimum by fj{z). With these A; 1 functions we define the h 
functions 


Wj(z) = 


/;(g) 

MzY 



These k functions are absolute invariants, i.e. if (62) is any one-to-one 
analytic transformation from Z) into a domain D', with Jacobian 

^(zO^nonvanishing in Z)' and with [J (z')]p analytic in D', then wf(z(z')) 
= i = 1, • * • , /b. All domains D' which are images of D 

by such transformations are called equivalent. Among all equivalent 
domains there exists at most one domain D for which the functions 

^y(z) have the special form (67). Such a specialized domain is the 
representative” domain of Bergman. 

Bergman has also observed that all bounded domains which are 
circular (Carath4cdory) are representative; in fact not only are the 
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functions Wj{z) ^ z/, but /o(2) « 1, and /,(z) s Zj. To see this write 

(68) /o(z) = 1 + Ax{z) + A^iz) 4- • • • 
where An{^) is a polynomial of degree n. Then 

(69) foizie'^, • * • , ZfcC*^) = 1 + e'^Ai{z) + + • • • 

Now, the volume element dv^dvy is invariant under the substitution 
Zj\zje^^. Hence the function (69) has the same norm as (68). Hence 
both are minimal, and thus, since they start with the same constant 
term they must be identical. But — l)An(2) = 0 for 0 < < 

2x implies An{z) = 0 as claimed. In the case of the function 

(70) “H A2(.z) -+• Asiz) 
we have 

(71) e-^^fj(zie'^, * • * , Zke^'^) = z,- H- S^„ie""'^An+i(z) 

We again conclude that the functions (70) and (71) must be identical, 
and this completes the proof of our statement. 

§6, Orthogonal Systems 

The case p = 2 has special features, since L 2 and B 2 are Hilbert 
spaces. The space L 2 (and B 2 ) has a complete orthogonal system 
(<Po, <pi, <p 2 , • • ‘ )j (which might be finite), with 

(72) = j J 

and each element f e L 2 has a unique expansion 

(73) f ^f^ndv 

the sum converging in norm to /. Also 

(74) 25=|a„l=“ = Sffdv < « 

and every system (on) with finite sum sjanj'* actually occurs as the 
coefficients of some function / e L 2 . Since convergence in norm 
implies continuous convergence, the series (73) is continuously con- 
vergent in D. More precisely, by (GO) 

I 2"_o6„v'»(z)|'“ < ‘^;2^:_o|6„|^ z £ £>- 

where B’” is the domain consisting of all points of D whose distance 
from the boundary of B is > r. Putting 

^ _ <Pn(zj ^ 

[|v7o(z)|''^ . _J_ <pjv'(z)|'-^]^ 


= 0, 1, • • * y N 
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for any fixed z in jD’' and letting iV — » oo , we hence conclude 

(75) S?-ol «=»(*) h < «?, zzD' 

Thus for the series (73) we have by Holder’s inequality 

2Sr|o„».,(2)| < ■ S5>lv»„(z)l=> < OJ, • V2|a„|^ z % D' 

and this yields continuous convergence of (73) in D. We now intro- 
duce the ^‘kernel” 

(76) K{z) f) = 

where ( 2 ) and (f) are both points of D. The kernel is analytic in 
( 2 ) and (f), and the relation (75) reads 

(77) K{z; z) < wj, z & 

The kernel (76), and in particular the function K{z;z) are independent 
of the special choice of orthogonal system; this follows most easily 
from properties of Hilbert space. Thus one would expect it to have a 
geometric interpretation. The most immediate interpretation of a 
function of pairs of points is that of a geometric ‘^distance.” This is 
true in our case, although somewhat indirectly. It is not easy to 
interpret K{z; z) as a ^'global” distance. However it gives rise to a 
differential form upon which a Riemannian distance can be based. 
In fact, if we put 

(78) ffaf(.z; z) = log K{z;z) 

dZccdZfi 

then the differential form 

^i,p^igcKffdZccdzfi 

is nonnegative, and what is significant, it is invariant with respect to 
transformations (62). The invariance follows easily from the fact 
that under (62), K{z; z) is multiplied by J{z)J{z), and the added 
factor does not contribute to the matrix (78) , since we form the latter 
from log K, and not K itself. 

Also, the function 

(79) K{z-, 2) = S“_„|«»„(z)|^ 

does not attain a weak maximum in an interior point of D\ this can 
be shown to follow from the results in section 2 and will actually be 
shown in the next section of the present chapter. Thus, roughly 
speaking, K{z\ z) attains its maximum (whether finite or infinite) on 
the boundary. Now, unless the domain D is very pathological, it is 
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unlikely that K stays bounded in the total domain; at any rate, 
boundedness in a larger domain D' D would imply the convergence 
of all series (73) in that larger domain, and so D' would at least have 
to be slti analytic completion of D with regard to the family L2 in D. 
Thus we are led to suspect that K{z; z) increases towards boundary 
points P at the rate of growth which corresponds to the extent to 
which the individual points P are obstacles for analytic completion. 
Bergman has many estimates about the rate of growth in approaching 
“characteristic manifolds^' on the boundary, and for our part we are 
going to show that conversely, in a Reinhardt domain D containing 
the origin and having finite volume, the series (79) for K(z; z) remains 
convergent in the whole Reinhardt analytic completion of D (see 
section 8 of Chapter IV). In fact consider any two monomials 
(p =: * ' • Zfc*, ^ • • • Zk’’ and their inner product 

(80) V') = inip^dvxdvy = • • • Zk’‘zV’dvJiVy 

Now the volume element dvxdvy is invariant under the multicircular 
transformation 0 < < 27r and also this transformation 

sends D into itselh Thus (80) must be equal to its product with 


( 81 ) 


ni)i>i . . . ^i(mk^nk)&k 


and thus (<p, ^) == 0 unless (mi — ni)^ ^ (ttia — n*)^ = 0. 

Hence, on introducing appropriate positive normalizing factors X, we 
obtain an orthonormal system of functions in D, 


(82) <Pn,...n, = Xn,...nX‘ * ' * m, * * ' , rifc = 0, 1 , 2, * * ■ . 

We are going to show that this system is complete. To this end take 
any function /(zi, * • • , z*) ep 2 in P and consider its power-series 
expansion. By Theorem 3 of Chapter II the expansion is valid in 
the Reinhardt analytic completion D' of D. For convenience we 
write it in the form 

(83) /(zi, ■ * * 7 ZAj) = • • M*(^Mi • • • ‘ ’ ’ ^A:*) 

Now in computing the inner product 

(84) (/, n*) = /z>/ • . . . nJv^dVy 

we may choose an approximating RciTihciTdt doiTLCLtn P® whose closure 
is contained in P, and approximate to (84) by 

(85) J Dof - n^dVxdVy 
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Now, on the one hand, in D® we may replace / by its expansion (83), 
and on the other hand, the system (82) is orthogonal (though not 
normalized) in D^. Thus (85) has the value 

( 86 ) 

and on letting JO® — > D we see that (84) has the value |ani...n*|^ 
This leads to the following pair of conclusions: if a function /is ortho- 
gonal to all functions (82), then it is identically zero, and thus our 
system is complete; furthermore the expansion (73), if taken for the 
system (82), is the expansion (83). Now as we have remarked the 
latter expansion is valid in the Reinhardt completion D' oi D. Hence 
for any complex numbers {un} with s|an|^ < «> the series (73) is 
absolutely convergent in £>'. Now a well known result of Landau 
states that if a sequence { hr . } has the property that '2avbn converges 
for every sequence {a«} for which s|an|^ < «>, then 2|6„|® < <» . 
Thus in our case the series (79), with the ^^s defined in (82), must be 
convergent in D\ 


§7. Surface Integrals 

We apply formula (57) to a variable analytic function /(«; y), the 
parameter y being an arbitrary element of a space T. We now assume 
on r the existence of a measure dy, and integrating with respect to 
this measure we obtain first, 

Jr|/(0; y)\^dy < /rdY(;|/(p, 

In the applications to follow it will be possible to interchange the two 
orders of integration on the right-hand side, as the reader will be able 
to verify. Thus, on introducing the function 

(87) Hz) = CriKz; 7)1”^^^)^ 
we obtain the relation 

(88) x(0)'' < /r ■ • ■ 

Thus we can repeat a good number of the conclusions of section 2 
for the more general type of function \(z). We observe that the 
function \{z) is actually more general than \f(z)\; in fact X(z) = \f{z)\ 
is the special case of the family f(z; y) being defined for only one point 
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m 

T, and the measure of this point being 1. Similarly the ''discrete^' 

case, X(s) = {'Zin\<Pniz)\^')^ arises by taking the space F to consist of the 
points y = {n] with each point having measure 1. Now, if \{z) is 
defined and has continuous boundary values on the boundary -B of a 
bounded domain i), then in analogy to (25) we have 

(89) X(2:) < supf g B X(r), zeD 

We can again use the Phragmen-Lindeldf device of multiplying 
f{z; y) by exp [€( 2 ^ + • • • + z\)] in order to show that (89) also 
holds if Z) is a tube Ta, in which \ (z) is bounded with continuous bound- 
ary values, and again the device of multiplying 'K{z) by exp [aiSi + 

• • • + <xhZk] will show that, under the same assumptions, the function 

log M{x) = sup_oo<i/,<oo log \{xi + iyi) 

is a convex function in the basis A. 

In particular the reader will verify that our results hold, in a tube 
Ta, for the function 

(90) X(2) = (/o’^ • • • 4- 'iy})\^dyi • - • dyk)^, P > 1 

where f{zj) = f(zi, * • * , Zk) is a bounded and analytic function in 
Ta- As a very special case, assume that /(zj) has the period 2wz in 
each variable. In this case X{z) is dependent only on x, and we obtain 
(as a generalization of Hardy’s theorem) that for any analytic function 
g(wi, ' • • Wk) in a Reinhardt region the logarithm of the function 

1 

(/r * • ■ , rke'^^)\^d^i • • • d^k)^ 

is a convex function ot the variables log ri, • • • , log r*. 

Now, take an arbitrary set T in the space of the real variables 
(ti, • ' * , yk) and replace (90) by the more general function 

(91) Xr(2) = Ur\fizj + iyj)\pdyi • • • dyk)^ 

If our function f(z) is bounded in the tube Ta, and if A is a set in A 
whose convex hull H is also contained in A, then we obtain first for 
any bounded set the relation, 

Xr(2) < sup Xr(r) 

where z £ Th, f e Ta. Now, if T increases, then so does Xr(r), and 
for r the total ( 71 , * * • , TA:)-space, Xr( 2 ) depends only on x, that is 

(92) X(2) = Xp(2) = Xp(a:) = (Jf^ • • • + iyj)[^dyi • • • dyk)^ 
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Letting T run over a sequence of cubes which exhaust the total space, 
we finally obtain 

(93) sup* e H < supf e a 

(Of course, since A Q H the equality in (93) actually holds.) In 
particular we see that Xp(x) is a convex function in all its variables. 
We have derived this under the assumption which may seem too 
restrictive at first, that fix) be bounded. However, it is easy to see 
that this “restriction^’ is implied by the assumption that \p{x) shall 
be bounded. In fact if A is a bounded domain, and \p{x) < M for 
X e A, then 

STjfiz)\^dVxdVy = 5 Advxi-^f{z)\^dvy < (volume A) • 

and once this is established, we conclude from relation (60) that 
is bounded in every tube Ta, where A is any compact set in A. 

In the remainder of this section we will prove a theorem about the 
boundedness of Xp(x) in which the above “restriction” is substan- 
tially relaxed. We will prove it in two steps. First for /(z) itself, 
and then for Xp(x). 

Lemma 4. If f(z) = /(^i, * * * , ^Jt) is an entire function, if , for all 

iz) 

(94) \f(z)\ ^ 
and if 

(95) \f(iyi, * * • , iyk)\ <1, — oo < 2 /y < oo 

then 

(96) \f(z)\ < *'+^*1**1 

We will prove relation (96) for 

(97) a:i > 0, * * * , 2 :* > 0 

the other combination of signs then follow immediately. We con- 
sider the function 

(98) g€(z) = /(z)e~^^*^~ ■ * ■ 
for 0 < € < 1. From (94) we obtain 

log |?.(2)| < log ilf + 6(a:f + . - . + I») + - *j/*) 

and from (95) we obtain 

(99) log \g^{iy)\ < 0 
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We now apply our convexity result of section 2 for 

Af/x) s log [supy |^,(2)|] 
in the octant of the sphere 

0 < Xi > 0 

Since the maximum of B\y\ — is B*/(4€) we see that 


M.{x) < ^ log Af + i 


< ■£ log Af + rtK + j SBJ ■ i 


where r* = -f- 


R 

+ xl 


On nrifl.lri'ncr T?. = 1 A 


1 j • 


(100) M.(x) < *r log Af + r + 7 S5J 

4 

Letting c — ► 0 in (98) and (100) we see that the function 

is bounded in (97). This now being established, then multiplication 
by exp [ — €(2i 4- • • * + z*)], application of the convexity theorem 
and a passage to the limit as « — > 0 will show that \giz)\ assumes its 
maximum for xi = * • • == x* == 0, and since |^(tVi)l ^ 1 we obtain 
(96). 

Theorem 4. If f{z) is an entire function for which relation (94) 
holds for all z, then the function 

(101) X(x) = (/!!^ • • • /!!^|/(a:y + iyj)\^dvy)p 
satisfies the relation 

(102) X(x) < X(0)e^»l*‘l+'"+^‘>*‘l 

If r is a bounded domain in (yi, • • * , y*) -space, and if fiz) 
satisfies relation (94), then the reader will verify that the function 
Xr(2) of (91) will satisfy the same relation (94) except with another 
constant M (depending upon F), and a repetition of the proof of 
Lemma 4 will give the relation 

(103) Xr(z) < Xr(0)e^‘l*‘l+"'+^‘l**l 

Letting F grow into the full space — oo < y,- < oo, j = 1, • • • , fc, 
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first on the right-hand side of (103) and then on the left-hand side, 
we obtain relation (102). 

§8. MULTIPLE Fourier Integrals 

In the present section we will assume that the reader is familiar 

with the concepts and inversion properties of Fourier transforms in 

several variables for any Z/p-norm, particularly for p — 2 (Plancherel) . 

Theorem 6. If fx(y) = f(z) is analytic in a tube Ta and if for every 

1 

compact set A in A, the (surface-) Lp-norm (i\fx(y)\^dVy)T^ is hounded ^ 
then for 1 p 2 we have 

(104) /(s) • * • , 

where 

(105) J^-oo * ' ■ ‘ * ■ , Zk)e-^^’‘^-"'-*^^’‘dvy 


and, for \/q -|- 1/p = 1, we have 

(106) < (S\My)\^dvy)p 
For p — q — 2, the last relation is an equality, 

(107) = i\U{y)\'‘dvy 

The full meaning of the inverse relations (104), (105) is as follows. 
For each (x) there exists a (measurable) transform 

(108) ^(x; t) 


for which the inversion formula 


(109) 





and the inequality 

(110) (Jk(a:; < (S\fx(y)\^dvy)v 


hold. Now the theorem claims that there exists a function <p(t) 
such that, for all x £ A, 

(111) tA(x; ^)e-®‘*»-’ '■-**** ~ fp(^t) 

By section 4, f(z) is bounded in Tn, where AT is a neighborhood of 
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A. We first assume, in Tjv, the growth restriction 

(112) l/(zj)l < 

In this case the right side of (105) is absolutely convergent, and is the 
limit, as a- — > , of 

(113) <) = • • • J't./Czi, • • • , 

In order to prove (111) it is enough to show, for each ex == 1, • • • , k, 
that d<pa/ tends to 0, as a oo , uniformly in iV. Now, as in the 
case of tlie function (53), we see that the derivative of the integral 
(113) with respect to is essentially the same as with respect to 2/a, 
and the expression representing it contains two boundary terms which 
on the basis of (112) tend uniformly to 0 as a increases towards oo. 
Finally, in order to remove the restriction (112) we form, for f(z) 
given, the function 

/c(s) = /(2)62‘(*^“+* ••+***> 

It satisfies (112) in Tf/, and for its transform we thus have ^«(a;; t) 

Now, by (110), since fe(x; y) converges in 
Lp-norm to f(x; y), then i/^«(a:; t)y for each converges in Lg-norm to 
^(x; t). This implies the convergence in mean, over every finite set, 
of iptif) to a function <p{t)^ and (111) follows. 

As a comment on Theorem 5, we start from any measurable func- 
tion and for any g > 1 (and not just for g > 2 as in the theorem) 

we consider the point set H q for which 

1 

is bounded. If x' and x" are any two points of Hq, and Xj = dx'j + 
(1 — d)x'/ , 0 < 0 < 1 , is a point of the conjoining segment, then by 
Holder's inequality, we easily obtain jLig(a;) < {yq{x')y{iiq(x*')y~^. Thus 
log yq{x) is a convex function, and iJg is a convex set. We assume 
that H q has an interior, which we denote by and we note that 
yLq{x) is hounded on every compact set of H\. Take any point of 
say the origin. There exist a 3 > 0 and an M such that 

for la;«l < 5. On substituting for {xi, ■ • • , x*) the points (±5, 
' • • , ± 5) an adding up over all combinations of signs we obtain 

Jl^(i)l < 2*Af 
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Hence; by Holder’s inequality 

k l 1 

and thus the origin is a point of Hj(for g = 1). By a slight elabora- 
tion of this argument we see: 

Remark 1. The domain H\ in which tiqix) is finite increases as 
q decreases. 

Another elaboration will give the following result. 

Remark 2. The integral 


is continuously convergent and defines an analytic function in Th^o. 

In particular we obtain the following: 

Supplement to Theorem 6. The integral in (104) is absolutely and 
continuously convergent^ thus (104) is an ordinary relation in Ta. How- 
ever, for p > 1, no assumptions on the nature of analyticity of /(z) 
will guarantee off-hand that (105) is a literal relation as is known for 

p = 1. 

As a counterpart to Remark 1 we observe that whenever j\f(y)\^dvy 
< M and |/(2/)| < N, then, for 1 < p < 2, f\fiy)\^dvy < - M, 

thus, in Theorem 5, as long as we do not approach points (x) on the 
boundary, there is not much loss of generality in assuming p = 2. 
Furthermore relation (107) is always present, even if p < 2. 

§9. FUNCTIONS OF INTEGRABLE SQUARE 

In the case of p = g ~ 2, the situation is exceedingly simple. A 
function /.(p) = J{z) in a tube Ta is analytic, and the squared norm 

(114) X(a;)2 = J • • • f\fx{y)\Hvy 

is bounded in every compact set in A if and only if there exists a 
measurable function $(0 for which the squared norm 

(115) \{xy = / • • • 
is bounded and such that 


(116) 





Also the two norms are equal, \{x) = X(a;) 

Now, assume that A contains a collection of rays Xct = 0 < 

p < 00 , with 


( 117 ) 
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The origin Xa =* 0 nxay be on the boundary of A but the norm. X(0) 
as defined in (116) shall be finite. Suppose that for some (^) in (117) 
there exists a real number h(^) such that the function vanishes 
(almost everywhere) outside the half space 

-!-•••+ tk^k < H^) 

In this case, for a;« = 0 < p < oo , we have 

< e^pMi) . x(0)2 

and hence 

limp_oo < h(^) 

p 

Conversely, if for some s(^), the function ‘i‘(j5) is different from 0 on a 
set r of positive measure in the half-space -+- •• + tk^k > s($), 

then 

X(a:)^ > 

Altogether, we see: if h{^) is the smallest real number such ^(t) vanishes 
outside the half space i7(f), then 

(118) limp_^.o - - - --- - - — h(^) 

p 

the limit on the left existing. It can be — <x> only if f(z) = 0, and + oo 
only if no genuine half-space H(^) exists. 

On the basis of Theorem 4 we now obtain. 

Theorem 6. If f{zi^ • • • , 2 *) is an entire function for which 

(119) |/(^)l < 

and if fiiyi, * • • , iVk) is of integrahle square in — 00 < j/,- < 00 , 
j =* 1, • • • , fc, then 

Kz) = 

where ^(,t) is of integrahle square. The smallest convex domain in 
t-space outside of which 4/(t) vanishes almost everywhere is the inter- 
section of all half-planes -1- • • • -f- tk^k ^ h(^) where /i(0 f'S defined 
by (118), the limit in (118) existing. 

Another interesting case arises if A is a convex ‘*cone^’ through 
the origin and X(x) is bounded in A. In this case h{^) < 0, and thus 
^(i) vanishes outside the cone ‘MuaU’ to A. It is enveloped by the 
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hyper-planes through the origin which are perpendicular to the gen- 
erators of A, For instance if A is the octant 

(120) > 0, a = 1, ‘ , k 

then the dual is the octant < 0 and it is easy to conclude that 
f(z) is analytic, and S\fx(y)\^dvy is bounded in the octant (120) if and 
only if f(z) is representable in this octant by 

with 
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variables complexes, Hamburg Univ. Math. sem. Abhandl., Vol. 11 
(1936), pp. 106-162. 

14. C. L. Siegel, Symplectic geometry, Amer. J. Math., Vol. 45 
(1943), pp. 1-86. 

15. L. X. Hua, On the theory of automorphic functions of a matrix 
variable. I, Geometrical basis. II, The classification of hyper- 
circles under the symplectic group, Amer. J. Math., Vol. 66 
(1944), I, pp. 470-488; II, pp. 531-563. 

16 . L. K. Hua, On the theory of Fuchsian functions of several vari- 
ables, Annals of Math., Vol. 47 (1946), pp. 167-191. 

17. S. Bochner, Curvature in Hermitian metric. Bull. Amer. Math. 
Soc., Vol. 53 (1947), pp. 179-195. 

18. S. Bochner and Deane Montgomery, Groups on analytic 
manifolds, Annals of Math., Vol. 48 (1947), pp. 659—669. 

In the final section of No. 13 an application of Bergman’s metric 
to so-called symmetric domains is given and in Nos. 13-17 the con- 
struction and properties of certain “hyperbolic” geometries on domains 
of automorphic functions is discussed. In No. 17 there is also a 
systematic introduction to a familiar type of elliptic geometry on the 
closed projective space in several complex variables, and in No. 18 
there is a brief comment on the contrast between hyperbolic geometries 
in bounded open domains and elliptic geometries on certain types of 
closed domains. We also single out for reference the book: 

19. W. F. D. Hodge, Theory and applications of harmonic integrals, 
Cambridge, 1941. 

In Chapter IV of this book a metric is introduced into algebraic 
varieties, and then the author reviews many known properties of 
algebraic varieties in the light of such a metric. A close analysis of 
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the work then will show that many properties Hodge derives stem 
exclusively from his metric on a compact complex space, the algebraic 
origin of the variety being irrelevant. 

A somewhat different approach to constructing a metric in complex 
domains has been made by: 

20. C. Carath^odoey, tiber die Abbildungen, die durch Systeme 
von analytische Funktionen von mehreren Veranderlichen erzeugt 
werden. Math. Zeits., Vol. 34 (1932), pp. 758-792. 

However, Carath^odory’s metric has some recalcitrant features 
and seems less promising for further development. 

With regard to the topic of our section 8, in the symplectic geometry 
of C. L. Siegel there occurs a significant “octant” which is different 
from the one given in the text, and it is also “self-dual.” For addi- 
tional details see No. 6. For a problem involving octants in Fourier 
analysis see also; 

21. S. Bochnee, Boundary values of analytic functions in several 
variables and of almost periodic functions. Annals of Math., 
Vol. 45 (1944), pp. 708-722. 

No. 21 is in connection with: 

22. S. Bergman and J. Marcinkiewicz, Sur les fonctions analytiques 
de deux variables complexes, Fundamenta Matemat., Vol. 33 
(1939), pp. 75-94. 



CHAPTER VII 


The Theory of Hartogs. Subharmonic 

Functions 

§1. Harnack’s theorem 

In addition to using the fundamental inequality originally due to 
Jensen, Hartogs also employs the theorem of Harnack. The latter 
states that if a sequence of (real) harmonic functions which are col- 
lectively bounded from above are monotonely decreasing, then either 
they converge uniformly to a harmonic function proper, or they diverge 
“uniformly^’ to — oo. Hartogs noticed that the theorem also works 
for the larger class of ‘ * subharmonic functions," and this incidentally 
laid the foundation for the study of such functions. 

We will consider the extended concept of Lebesque integral as 
explained in section I, Chapter VI. We consider (real-valued) 
functions of a variable where is a point on a space T with Lebesgue 
measure, the total space having finite measure. For convenience we will 
use the symbol under integrals to indicate integration with respect 
to the measure given. For any finite real number c we denote by Lc 
the class of functions {u(t?)} which are defined at every point of and 
measurable on T, and for which 

(1) — oo < u(^) < c 

Lemma 1. If a sequence (w«(t?)) belongs to some Le, then 

(2) iimlZI funWd^ < / bin UnWdi^ 

In particular, if Un Z' u < c then 

(3) limn_^oo /^^n(t?)dt> < Ju(t?)di? 
and if c > Un u, then 

(4) limn_oo funWdd- = iu(^)d& 

This lemma simply states conveniently a property of our integral, 
and we accept it without investigation. 

In addition to the point set T we consider any point set D whose 
general point will be denoted by z. Consider a function P(z, on 
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the product space (D, T) with the following properties (generalized 
Poisson kernel) 

(i) for each z in jD, P(2J, is measurable in t?, 

(ii) JrP(2, =1, zeD, 

(iii) there exist finite functions a(2:), A(z) in D, such that 

(5) 0 < a(z) < P(z, i^) < A(z) < CO 


for (Zj T>) in (Z), T). 

We can now state 

Theorem 1 (Harnack). If <pn(‘d) £ Lc, = 1, 2, * * • , and if 


(6) J lim supn (pnWdd- > — oo 

then there exists a sequence of numbers 0 such that for any kernel 

P{z, possessing properties (i) (ii) and (iii) and for any sequence 
l^n(z)} the relations 

(7) ^n(z) < fP(z, d)<pn(^)d^, - 1, 2, • • • 

imply the relations 

(8) ^n(z) < JP(2, t^)[lim suPm + €nA(z) 


for n = 1, 2, • • • . 

If however 

(9) J lim sup„ <pn(‘d)di} = — oo 

then there exist a sequence ^ 0 and an index N such that (7) implies 


4'n(z) < —a(z) he; n > N 


In fact, putting 

^n(^) ~ SUPm 

^o(^) linClti — >00 ^n(d) 

we have 


<Pn(d) < <Pn(^) < C 

<Pn(^) <Po(d) 

M^) < ^)<pU^)dd 

and hence 


4'n(z) < /rP( 2 , 'd-)(po(-d-)d'd ■+- A(z) ^T(ipn(‘d) — (pQ('d))d-d- 
Now, if (6) holds, then by ordinary Lebesque theory 

St(<p'^(^) - <po(^))dd 0 
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and this proves (8). If however (9) holds, then 

— OO , 

and hence 

■^nC^) < iPiz, 0^)cd‘d^ + — C)d& 

< c — a(z)J(c - <p'^(^))d^ 

and this completes the proof of the lemma. 

§2. Hartogs’ Main Theorem 

We will cast the principal reasoning in the shape of a lemma. 
Theorem 2. If D is a domain in complex (zi, * * * , 2 A:)-space, if 
{/n. • • • ^ S&Q^XLQYhCG Oj^ (XThCtlyt%C J^U71/Ct%0TlS ivh D, if px, P\ 

(0 < p\ < P\ < oo) are two sets of radii, X = 1, • • • , I, if the power- 
series 

(10) * * • -Ujf' 

is known to be absolutely-continuously convergent in 

(11) [z £ D, < Px] 

and absolutely convergent in 

(12) [zed, |i(;x1<Px] 

then it is also absolutely continuously convergent in (12). 

It is sufficient to establish the conclusion in some neighborhood 
Do of an arbitrary point (^°) in D. For convenience let (r®) be the 
origin, let (p) be such that 

(13) Do: \z^\ < Pi 

is contained in D, let Do be the interior of (13), let T = {??i, • • * , d*} 
be the A;-dimensional set 




0 t?/ <C 27r 


and as in Chapter VI let 


(14) 


P{z, = n^i 


^ ~ O 2 o ^ f ^ -J- -.-2 

27r py — 2,pjri cos (,<py — -00 ~r ^ j 

for Zj = rye^>^ As shown in section 1, Chapter VI, we have inequality 
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(5), and for 0 < r J < p/, we have 

0 < ao a(2f)o ^ ^ 


%1 < 


uniformly in , ^ 

We now take any radii 0 < px < Px < , such that Px < px, 

jP^ <; jPj^ and we denote the largest of the quotients Px/ P\ hy q. The 
assumptions of our lemma imply 


linim-f-* • • +ni— >00 l/wi • • • ni (z)ip;- 
|/.....n.(z)p'l’“ • • • P'li < •M'o, 

Hence the functions 


= 0 
z E Do 


(15) • • * 'Jll w 


ni + 


+ ni 


log 




ni • - • Tij 


(^p,e'*‘)P 


fflj 

1 


pr„, 


Mo 


have the following two properties: 

< c(= log q) 

lim SUPni+ • • • +ni — >oo *Pni • • • nj 0 

We now apply Theorem 1 of Chapter VI in conjunction with Theorem 
1 of the present chapter, breaking into two cases according as 

J lim sup <pni...ni(^)dt^i ■ ' ■ 

is finite or — <» . If the limit superior is finite then we may discard, 
the integral in the right member of (8), its value being <0, and since 
€nAo N 0 as en 0 we conclude that corresponding to any positive 
number e there exists an integer N such that, forni ■ * • + rii > 
and for l^i] < r°, we have 

(16) |/»....n,(2).P'i"‘ • ■ • -P'r'l < 

If, on the other hand, the limit superior in question is — <» , then on. 
using the second half of Theorem 1 and the fact that — oo/e« + log q 
decreases to — <» as en ^ 0 we conclude a fortiori our inequality (16) 
for \zj\ < rj. Since in both cases e can be an arbitrarily small positive 
number this implies that the series (10) is absolutely continuously 
convergent in [|z,| < r?, \w\\ < P'x], and since Px can be chosen arbi- 
trarily near Px (arbitrarily large if Px = + oo ) this completes the 
proof of our lemma. 

The significant conclusion from the lemma, which the reader will 
easily draw for himself, is embodied in the following theorem. 
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Theorem 2 . (Hartogs* lemma). If f{zi, • • • , 2 *; • • • , wi) 

is analytic in the topological product 

[2 eD; \wx\ < Px] 

and if for each z e D, f{z; w) is analytic in [\wx\ < Px], then f(z; w) is 
analytic in the product 

[zeD) |i£Jx 1 < Px] 

§3. Contributions of Osgood 

Lemma 3. If a function f(zi, - • • , z^) in a domain D of P 2 * is 
analytic in each variable 2 ,- and if it is hounded in all variables, then it 
is analytic in all variables. 

By Theorem 2 , Chapter II, it is sufficient to prove that f{z) is 
continuous in D. In any polycylindrical neighborhood in D, we 
consider f{z) as a family of functions in one variable 2 ,-, the other 
variables 21 , • • * , 2 y_i, 2 , 4 - 1 , • * * , 2 * being parameters by which to 
designate members of the family. By section 5 , Chapter II, since 
f(z) is bounded, our family is majorized, and hence their deriva- 
tives df/dZi are likewise majorized. Thus the partial derivatives 
df/dzi, - * • , df/dZfc are bounded in the neighborhood of each point. 
Viewing f(z) as a function in the real variables xi, t/i, * ■ • , Xk, yk 
we see that its 2k partial derivatives of first order are locally bounded, 
and this in itself implies continuity of f{z). 

Theorem 3. If A — {a}, B — {/3| are bounded sets in Euclidean 
spaces of any dimensions, A closed and B open, and if the nonnegative 
function X(a, /3) in (A, B) is continuous in each variable, then there 
exists an open subset B' of B such that X(q:, /3) is bounded in {A, B'). 

The function 

m(/ 3) — supcSii \{a, 13) 

has a finite value for each /3 B B. Also, for each n, the set Bn: 
[m(/S) < n,] is a relatively closed subset of B. In fact, if (3p — > /3o and 
M(iSp) < n, then X(<x, (3p) < n, and hence by continuity X(a, Po) < n, 
and this implies m(/3o) n. Now, if the theorem were false, then no 
Bn could contain an interior, and the open setB B — Bn would be every- 
where dense in B. This would permit us to construct, by induction 
on n, a sequence of sets Ci ^ C 2 ^ • • • such that each Cn were the 
closure of an open set, and m(/ 3 ) > n for /3 £ C«. The sets Cn would 
contain a common point js, and at this point /x(/3) could not be finite. 
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§4. HARTOGS’ THEOREM ON ANALYTICITY IN EACH VARIABLE 

Theorem 4 . Letf{zi, ^ , Zk) he defined in a domain D in E2k and 
let f have the 'property that for every point (oi, • • • , ak) of D each of the 
functions 

f(ai, • • * , a/_i, Z], aj+u • • * , a*), i = 1, * ’ * , ^ 

is analytic in the single variable Zj in the neighborhood of aj. Then f is 
analytic in (si, ■ • • , Zk) in D. 

We assume that (0, • * * , 0) is a point of D, and we shall prove 
that/ is analytic in a neighborhood of {z) — ( 0 ). If 

(17) |zil <L\, ■ - • , lz*| < Vu, 


is a neighborhood of (0) whose closure is contained in D, and if we 
identify the point set A of Theorem 3 with |2i < C/i, and the point 
set B with 


( 18 ) 


1 U2 


, . Uk 

2.1 < 

? 

A 

CO 


then we conclude the existence of a subneighborhood 

(19) \z2 — z'^l < a2, * ' ■ , \^k — < ak 

of ( 18 ), such that / is bounded, and hence by Lemma 3 , also analytic 
in the product of ( 19 ) with |2i| < U i. We will now apply Theorem 2 
to the following situation: /(^i, • • • , 2*) is analytic in 

Sil < Lh, \z2 — 4| < «2, • * • , — 2^11 < cxk 

and for each (^i, 23, • • • , 2/,) in 

l^ll < Ui, I23 — 4 ! < , \Zk — z'kl < Oik 

it is analytic in 22 for I22I < U 2. By Theorem 2 we may now envisage 
the largest circle which is both concentric with \z2 — z'^\ < a2 and 
entirely included in \z2\ < U2. Since \z'^\ < C/2/3, this largest circle 
includes the circle \z2\ < C/2/3, and thus we conclude that / is analytic 
in all variables in the point set 

I^i] <. U 1, 20 < -g-C/2, S3 — 2:3] < as, ■ ■ ■ > 

Starting again in the same fashion we now concentrate on the fact 
that for each Zi, 22, Z4,, , Zk,f is analytic in 23, in the larger domain 

23] < ZJ3/3, and we again obtain that / is analytic in all variables in 
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\zi\ < Ui, \z 2 \ <iU 2 , \zz\ <iUz, \z4, — 41 < . 

Continuing in this way we conclude that/(25) is analytic in 

[zi] K. TJ \z2\ <C 2} ’ ' ' ) 1^*1 ^ h 

and so f(z) is, in particular, analytic in the neighborhood of the origin. 

§6. Extension of hartogs* Main Theorem 

We consider two sets of variables (zi, • * * , 2 *), (wi, * * • , Wi), 
the first set complex, the other variables complex or real. As in 
Chapter IV a domain D in (z, tf;)-space will be presented as a union 
of intersections relative to one set of variables. However this time 
the basis of D will be in the z-space, thus 

(20) D = [z e B; ttJ e A(z)] 

We consider a larger domain over the same basis, 

(21) 5 = [zeB] e A(z)] 

and we assume that every connected component of A(z) contains a 
nonempty component of A(z). 

Theorem 6. (Generalized Hartogs^ lemma.) If f{z, w) is analytic 
in (z, w) in D and, for each z in B, is analytic in A(z), then f(z, w) is 
analytic in D. 

We first assume w also complex. If, for fixed z = z', a rectifiable 
Jordan curve w == w(^^), 0 < < 1, in A(z) joins a point — iy(0) 

in A(z) with a point w' — it?(l) in A(z) then there exists an € > 0 such 
that for 0* — 0 and other sufficiently small i?*, the point set 

(22) \z — z'\ < €, \w — t(;(t?*)| < € 

lies in D, and for allt? = t?*(0 < d* < 1), the point set 

(23) \z — z'l < €, [it; — i(;(t?*)l < € 

lies in jD. Thus/(z, w) is analytic in (z, w) in (22) and analytic in w 

in (23). For the proof of the theorem it is sufficient to show that in a 
finite number of steps, t?* can be successively increased so as to reach 

€ I 

= 1. Given we pick a value such that ~ < |it>(t?*) — 

tt;(?>*)l < e. Then in addition to being analytic in w in (23) our func- 
tion is analytic in (z, w) in 

\z — z'l < €, |t<; — ti;(??*)| < some small number 

By Theorem 4, /(z, w) is analytic in (z, w) in (23). Thus has been 
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replaced by the larger number and owing to the rectifiability of 
the point t?# = 1 itself is thus within reach. 

The case of real variables w will be treated very briefly. We take 
an 6 > 0 such that 1°) f(z, w) is analytic in {z, w) for \z — z'\ < w 
complex and \w — < € and 2°) f(z, w) is analytic in w for 

\z — z'\ < e and w complex and \w — < €. The remainder of 

the proof will follow. 

Given any open sets B, A+C^:) respectively, then the set 
(24) [z e B; w e A+(z)] 

need not be an open set in (z, iy)-space. In fact for any z^ e B the 
layer [z — z^; w e A+(z°)] may protrude out of the interior of the set 
(24). In order to trim (24) of these protuberances we replace A+(z) 
by the set 

(26) A(z) — lim inf(*o_»(») A+(z') 

It is defined as the union of all (sufficiently small) open sets B, each 
of which is common to all point sets A'^(z'), for \z' — z\ < €(S). The 
reader will have no great difficulties in proving that 

(26) [z e B; w e A( 2 )] 

is the largest open set in (24) and that the following theorem holds. 

Theorem 6. {Rewording of Theorem 5.) If f{Zy w), with all Zj 
complex j is analytic in (z, w) in a domain [z e B; w e A“(z)], and if for 
each z, f{z, w) can he connectedly continued from A~{z) into a larger 
open set A+(z), then f{z, w) is analytic in (z, w) in the domain (26), 
where A{z) is defined by (25). 

§6. Hartogs Domains and Sxjbharmonic Functions 

We consider an analytic function 

(27) f{z] w) = 2:«_o/n(zi, * * ' , Zk)w^ 

of the /r + 1 complex variables Zi, - • • , z*, ly in a Hartogs domain 

(28) [z sH; < cr“(z)] 

For each z, the power-series (27) has a radius of convergence <r'‘"(z) > 
<T~{z')j and if we introduce the radius 

(29) <r( 2 ) = lim inf*/_^* o“^(2') 
then by Theorem 6 the Hartogs domain 

(30) zsH; |ty| < <r(z) 
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is the la<rgest Ha.rtogs domain with, the given hasis B into which v)) 
can be continued as function in ( 2 , w). Holding (28) fast, we consider 
<t{z) for all f(z) w) analytic in (28), and we form the functions 

^0(2) = inf/ a(z) 
or(2) == lim inf 5-0(2') 

Obviously the domain 


(31) 


Z eB; \w\ < or(2) 


is the Hartogs completion of (28); it is the maximal Hartogs domain 
(see Chapter IV) into which all/( 2 , w) can be continued simultaneouslv 
from (28). 

The radii <r{z) and or ( 2 ) of largest or maximal Hartogs domains 
possess certain important characteristics. In sections 7, 8 and 9 we 
shall consider certain other types of domains and the functions defining 
the largest or maximal domains of these types. In each case we will 
find that these functions have much in common with the functions 
o’(25)> ^( 2 ). In order to describe these general characteristics we define 
a general class of real functions F ^ Fb of the following description. 

Let H be a domain in 2/r-dimensional ( 21 , • • • , 2A)-space. The 
class F ^ Fb is the smallest class of real functions ^( 2 ) in B which 
includes all functions ^( 2 ) = log \f(z)\ where /( 2 ) is analytic in B, and 
which is closed under the following operations: 

(i) the operation of forming ^( 2 ) = Xi^i( 2 ) + X 2 ^ 2 ( 2 ) for Xi > 0, 
X 2 > 0, and that of forming ^( 2 ) = supa ^^( 2 ) for any set of functions 
{^at( 2 ) } which are collectively bounded from the right in every compact 
subset of B: 


(ii) the operation of forming lim,^_op ^^( 2 ) for ^n(2) > ypn+i(z)y and 

(iii) the operation of forming ^-( 2 ) = lim supz/_H., ^( 2 ') for any 
^( 2 ) in F. 

We now say that a function ^( 2 ) defined in H is a Hartogs function 
in B if it belongs to F b' for every domain B' whose closure lies in B. 
We shall prove 


Theorem 7. If a-( 2 ), 5-(2) are radii of largest or maximal Hartogs 

1 1 

domains then log and log ~T Hartogs functions. 

o-(2) <r{z) 


For the proof we return to the function /( 2 ; w) of equation (27) 
and we introduce the functions 


(32) <pr,{z) = -log|/n(2)l, <Pq{z) = log 


a-+(2)’ 


<p{z) = log 


<7(2) 
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Obviously 

<Pq(z) — lim sup«_«, <p(z) = lim sup,/__», 

Since (27) is continuously convergent in (28), the sequence {<Pn{z)] is 
collectively bounded from the right in every compact subset of B, 

1 

Thus log — tt is a Hartogs function in B. Next we introduce 

^o(.) = log Hz) = log ^ 

We obviously have 

^> 0 ( 2 ) = sup/ ^( 2 ) = lim sup*/^* Vdiz') 

and as before the set [<p{z)} for all functions /(2; vi) analytic in (28) 
is collectively bounded from the right in every compact subset of B. 
1 

Hence log '—r-r is also a Hartogs function in B. This yields Theorem 7. 
or (2) 

The following lemmas will show how much of a restriction on <t{z) 
and cr( 2 ) Theorem 7 implies. The nearest to it in Chapter IV was 
the restriction on p(J') as elucidated in Theorem 9 of that chapter and 
the reader will see for himself that the restriction there is much feebler 
than the restriction implied in Theorem 7. 

Lemma 4. If ( 2 ®) is any point in B, and C (2®; p) is any poly cylinder 
with center (2°) and radii (p) whose closure lies in B, and if T is the 
k-'dimensional point set f,- = 2® + 0 < dj- < 27r, then any Hartogs 

function ^(z) satisfies the inequality 

(33) \p{z^ + 2 ) < /rP(z, d)i//(2® + pje^^>)dr^, (Zj = rj-e^^^, rj < p,-) 

where d^ is d-di • • ■ d-dk and P{z, d) is the Poisson kernel (14). 

In the second place, if we carry out any affine transformation 

(34) Zj = bj “h Sp^iCijp2p, j = 1, • • • , Jc 

then (33) also holds in the new coordinates. In other words, as viewed 
from the original coordinates, our inequality holds relative to any poly- 
cylinder^^ in analytically oblique position. 

Finally, the inequality also holds relative to any lower dimensional 
poly cylinder if only some of the coordinates Zi, • ■ • , Zk are varied and 
the others are held fast. 

Proof. For functions of the form X log |/(2)| the lemma, in its 
entirety, is nothing but Theorem 1, Chapter VI. Thus we have only 
to show that (33) is preserved, under the three closure operations for 
functions in Fb^. For operation (i) this is readily verified, and for 
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operation (ii) it is a consequence of Lemma 1. For (iii) we jfirst note 
that for fixed z and any e > 0 there exists an 97 > 0 such that Ia^I < ri 
implies 


(35) 

Hence 


^ <• ■ P(g ~i~ Ag, 9 !^) 

1 + € P(Zj 9 >) 


^ 1 -j- c 


\p(z^ + 2 ) = lim supA*_»o ^( 2 ® + 2 + A 2 ) 

< (1 + «) lim supA*_^o SP(z, ^)xp(z^ + Az + pe'^)d^ 

< (1 + €)JP(z, i^)^(z^ + pe'^)di9^ 

and this completes the proof of the lemma. 

We remark that for A- = 1, the second and third parts of Lemma 4 
add nothing to its first part. For A = 1, a function is called sub- 
harmonic if it satisfies relation (33) and is upper semicontinuous (as 
is the case with ip(z) and ^( 2 )). For A* > 1 several types of generaliza- 
tions are available, and the one embodied in Lemma 4 is the most 
restrictive. For A = 1, if y) = 4 ^( 2 , 2 ) is subharmonic and has 
continuous partial derivatives of second order, then dV/dx® + 
d^\p/dy^ > 0, that is d-^/dzd2 > 0 (see section 4, Chapter II). Using 
this we will prove 

Lemma 6 . If a Hartogs function ^(21, z^; z^, 22, • • • ; 2*,, 5 *) has 
continuous partial derivatives of second order, then 

(36) a,A<, > 0 

for any point (z) in B, and any complex numbers ai, • • • , a*. 

We obtain (36) from dV/dzidgi > 0 by way of any affine trans- 
formation (34) with Up = aip. 

We note without proof that for differentiable functions, condition 

(36) is not only a necessary but also a sufficient condition for \f/ to be 
a Hartogs function and that any Hartogs function can be obtained as 
a limit of such differentiable ones. However, this will be of no conse- 
quence in our contexts. 

§7. Generalized Hartogs Domains 

We consider a domain D in the space of complex variables (zi, 

• * * , 2 *; wi, ‘ • * , wi), A > 1, Z > 1, writing it in the form 

(37) z e B; w Z A( 2 ) 

We now assume that all projections A ( 2 ) in t^-space are dilations of 
one and the same circular domain S. In order to have the nearest 



146 


THE THEORY OF HARTOGS 


[Chap. VII 


approach to a Hartogs domain with basis B, we assume that when- 
ever 2 contains a point , wi) it also contains the disc 


(38) (witf ' ' • , Wit) 

for < 1. If, for fixed or > 0, we associate with each point w oi 'E 
the disc (38) for [ij < <r we obtain a dilation of S by the factor <r. 
Denoting the new domain by <rS, we now assume that the domain 
D of (37) has the form 

(39) D : [zzB)we a-{z) S] 

where <r~(z) is a suitable Hartogs radius. li f{z; w) is analytic in 

(39) then there exists a largest domain of the type 

(40) zqB; we<r(z)^ 


into which it can be continued, and there also exists a maximal com 
pletion 

zeB; weof(z)S 


into which all f(z; w) can be continued. We now claim that the 

functions log — ^ and log ^ are again Hartogs functions. It will 

<r(z) a{z) 

be sufficient to consider only the first function. 

We will have to draw fully on the results in sections 7 and 8 of 
Chapter IV. We replace the variables Wi, • • • j wi by the variables 
Wxty ' ' ' , Wit, thus adding a new complex variable t, and this corre- 
sponds to replacing the domain (39) by a genuine Hartogs domain 

(41) {z, w) e (B, X); \t\ < cr-(z, w) 

where 

infw e 2 w) = <r“(z) 


The function /(zi, • • • , Zkj wyt, • • * , Wit) can be continued from 

(41) into a largest domain 

(42) (z, w) S (B, S); \t\ < a{z, w) 

and it can be seen that 

inf„ 6 2 <r(z, w) = o-(z) 


where <r(z) is the dilation factor occurring in (40). Now by Theorem 
7, the function 

log 


<r(z, w) 
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is a Hartogs function in (H, S), therefore, by properties of Hartogs 
functions, the function 

1 ^ 1 
(43) log - 77 : = sup«, e 2 log — - 

is likewise a Hartogs function in (H, S). Now, the latter function is 
constant in the variables w, hence, by the last part of Lemma 4, this 
function is a Hartogs function in the domain B. This completes the 
proof of our assertion. 

Probably the most interesting case arises if S is the unit sphere 
+ ' ‘ * + < 1 , in which case the dilated domain <rS is 

the sphere 

-f- • • • -f- < (T^ 

§8. Half-planes instead of Circles 

If in a regular Hartogs domain we replace the variable t by e~\ 
we obtain a domain of the form 

(44) z e B] Re{<) > p(z) 

Since the circle | ^1 < <r goes into a half-plane Re [t] > log -> it is 

cr 

reasonable to expect that, for given R, in a largest or maximal region 
of the type (44), the function p{z') will be a Hartogs function. This 
is indeed the case. Consider a domain 

(45) 2:eR;Re{M > p ~( z ) 

and a function /(z, t) analytic in (45) and assume that (44) is the 
largest domain with basis B into which /(z, t) can be continued. Con- 
sider any bounded subdomain B' of B, whose closure is contained in B. 
It is easy to see that for z e R', p“(z) is bounded from above. In 
order to utilize this we have formulated the definition of Hartogs 
function in terms of subdomains R' of R, see section 6 , and therefore 
we may from now on assume that p~{z) is bounded from above in R, 
p“(z) < ao. We may also assume that ao > 0 . 

Now, for any a > ao, we consider f{z, t) in the Hartogs domain 

z S Bj — a|>a — ao 

which is a part of (45), and we continue it into the largest Hartogs 
domain 

z E B; \t — a\ < a — p«(z) 

The reader will verify without great difficulties that p«(z') is monotonely 
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increasing with a. increasing and that for the quantity p{z) in ( 44 ) we 
have 

(46) lima_»oo pa{z) — p{z) 

The quantity pa(z) may be — oo , however if p{z) is > — oo then 
Pa{z) > — oo. Now, by Theorem 7, in combination with property 
(i) of section 6 , we conclude that the function 

(47) oi log — = a log a a log — 

OL — pciz) ° O' — pcc{z) 

is a Hartogs function for each a.. In order to avoid the complication 
of pa(z) being unbounded from below we introduce for each n == 1 , 2 , 
• * • the functions 

p1(z) sup Q! log - - 7 ; ; a. log — 

L ^ Pot\Z) Oi -f- n_ 

Each of them is a Hartogs function and for fixed n the set in a is 
bounded on the right. Hence their lim sup as oc — > 00 is a Hartogs 
function. But this lim sup is merely the function 

P«(z) = sup [p(z), —n] 

Obviously p”(z) Sa p(z) as n — > 00 and therefore by property (ii) of 
section 6 p{z) itself is a Hartogs function. 

The half-plane function p(z) which describes the maximal analytic 
completion of the domain (45) is also a Hartogs function since p(z) is 
obtained by the operation of taking the supremum of p(z) for all 
functions /(z, {) analytic in (45) followed by the smoothing operation 
(iii) of section 6 . 

§9. Borel Radii 

Finally, given a fixed basis B in ( 21 , * • • , ZA)-space, we consider 
a function /^(zj £) in a domain of the Borel-Hartogs type 

(48) z e B; \t — r~(z)| < r~(z) 

where r-(z) > 0 is any (semicontinuous) radius function. This radius 
and the radius r(z) to come may also be + co ^ with the understanding 
that for r = + 00 , the circle |i5 — r| < r shall denote the half-plane 
Kelt] > 0. 

It is trivial to see that for r(z) > r-(z) the domain (48) will be 
part of the aomain 

(49) z sB; \i ^ r(z)| < r(z) 



§91 


BOREL RADII 


149 


and thus we may construct extremal domains of type (49) into which 
one or all functions /(z, t) may be continued. We claim that for an 
extremal domain the function 


(50) 


1 

r(z) 


itself (although not necessarily its log) is a Hartogs function. This 
will follow from the following known theorem for functions in one 
variable. 

Theorem 8. ///(O = t* is analytic in some circle |<| < 5 and 

if r is the largest radius for which f(t) can he continued into | ^ — r| < r 
then 

1 2 , 

~ = sup 0; hm supp_« — log 
r L p 



where F{t) is the Borel transform a^ t''/v\ 

Before inserting a proof of Theorem 8 we will draw our conclusion. 
If B' is a compact set in then there exists an e > 0 such that 
r“(z) > € for z e B' . We now consider the expansions 

/(z; * 4- 0 = Sy-0 -^ S’ t'’ 

v\ 

( j '!)2 

and the quantities 

[?*^(z)l~^ = sup 0; lim supp_^oo - log \F,{z) p)l 

L p J 

r*(2j) = inf,»_** rt{z') 

r{z) = lim*_o n(z) 

the latter lim being increasing. It is not hard to verify that the func- 
tion r{z) thus obtained is our extremal function r{z) of (49). Since 
log \Ft(z) p)| is a Hartogs function for any e and p, it follows that (50) 
is also a Hartogs function. 

As for the radius f{z) which describes the maximal completion of 
the domain (48), since [f(z)]“^ is the “smoothed^’ supremum of 
[r(z)]“^ for all/(z, t) in (48), it follows that it is also a Hartogs function. 
Proof of Theorem 8. Putting 

1 

h = lim supp„*oo - log 1 F(p)| 

p 


( 51 ) 
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our theorem will obviously follow from a combination of the following 
two lemmas 

Lemma 6. (i) If h > 0 then f(t) is analytic in the circle 


(52) 


1 

2h ^ 2h 


(ii) If h < 0 then f(t) is analytic in the half plane Re {^( > 0. 
Lemma 7. If fif) is analytic in the closed circle (53) 

1^ _ y*! < y. 

then 

2h<- 

r 


The lemmas will be based on the well known reciprocal relations 

1 - dr 

(54) F{t) ^ — 

2x^ r 

and 

1 

(55) fit) = S-e-F{at)da = - foe ' F(b)db 

t 

of which the second is valid at least for t real and 0 < i < 5. 

Proof of Lemma 6. By (51) if e > 0 there exists a positive quantity 
such that 

\F(p)\ < 0 < p < oo 


Hence the second integral in (55) is absolutely convergent and defines 
an analytic function in 


(56) 



> h 


11 h > 0 this means that f(t) is analytic in the circle (52). If < 0 
this means that/(0 is certainly analytic in the half-plane Re {^} > 0. 
Thus Lemma 6 holds. 

Proof of Lemma 7. Since / is assumed to be analytic in (a neigh- 
borhood of) the closed circle (53) there exists an r' > r such that / is 
also analytic in the closed circle 

(57) \t- r\ < r' 

By making a permissible shift of the contour in (54) we may write 

(58) Fit) = 


T 
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with C the circle 


Hence 


r\ = r 


(59) 


F(at)e-‘* 


1 r \ 

— . /c« 


27ri 


'fir) 


Now we observe that for fixed r on C the points t for which 


(60) 


< 1 


consist of all points of the half-plane which contain the origin and 
which is bounded by the line through r perpendicular to Or. As r 
ranges over the circle C these half-planes all include the point t = 2r. 
(The lines envelope an ellipse with foci Sit t — 0, t = 2r.) Using this 
fact and the fact that /(r)/r is bounded on C, and setting « = 2r in 
(59) we conclude that 

\F(a • 2r)e~°\ < const. 0 < a < oo 
Recalling the definition of h (see (51)), we see that this yields 


h < 


Thus Lemma 7 holds. 


§10. RADIUS OF MEROMORPHY 
Consider a function /(zi, ' ' * , w) analytic in a domain 

(61) [zeB;weA(z)] 

where A(z) is a circle containing the origin. For each z in R, /(z, w) 
is analytic in it? 6 A(z). We now introduce the largest radius M'^(z) 
having the property that in j-u;! < Af+(z) there exists a meromorphic 
function of w which in the neighborhood of == 0 coincides with 
f{z, w). We will then have the following theorem. 

Theorem 9. The function log ie a Hartoss function in B. 

Before entering on the proof we remark that a more natural quan- 
tity to introduce would be — log M (z) where 

M{z) = lim inff_^. M+(r) 
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and that one would expect the statement that in 

[2 e Bj lt(;| < M{z)] 

our function /( 2 !, w) has a continuation as a meromorphic function in 
the A- + 1 complex variables simultaneously. However, this state- 
ment is not as easily proved as one might expect. The complications 
arise from the fact that for several variables a meromorphic function 
is a much more elaborate concept than for A: = 1 and we do not propose 
to enter into a full discussion. However, at the end of the proof we 
will touch upon meromorphic functions in (k 4- l)-variables in another 
context. We will generalize our theorem from a function /(z, w) which 
is analytic in (61) to one which is given as a quotient 


(62) 


/(2f; wi) 


<p(g, w) 

\k(z, w) 


of two analytic functions in (61). 

Now for the proof! According to Hadamard, if f(w) — is 

analytic at w = 0, then its radius of meromorphy is obtained in the 
following way. If we introduce the determinants 


(63) 

and the numbers 

(64) 



fi+i ' * * fj+n 1 

^ 7+^+1 * * ' fj+2n\ 


1 

= lim sup/_oo I-Dfp 


then the quotient 
(65) 




is nonincreasing with /z, and its limit is ilf-*", the radius of meromorphy 
of Jiw). Now in our case we have an expansion 

(66) /(z, w) = 

and we introduce the corresponding quantities X)J‘(z), Z,,(z). If S is 
any closed subset of then there exist a radius <t — as > 0 and a 
(finite) constant A — As such that (66) in absolute value is < A in 
li«| < <r. Thus by (66) 

A 
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and hence by a crude estimate 

for 2 in S. Hence, for fixed m, 


(m + 

^ (/i+ 1 ) 7+/4 (M+ ) 


^ 1 It^u/ \i ^ 1 1 1^1 (m + 

7 log | 0 ?( 2 )| < log — + log 


and its limit superior as j oo is a Hartogs function in B. Noting 
that this lim sup is log l^iz) we see that 


and thus 


- log l^(z) < 


/i + 1 
M 



lim sup;,_« - log l^iz) 


is a Hartogs function in B. But since (65) is nonincreasing the limit 
proper exists and is equal to 

l^(z) 1 

lim,_„ log = log 

This proves our theorem. 

Now, in the general case (62) we add the explicit assumption that 
for no z shall yj/ (z, w) he identically zero in 

(67) wZA{z) 

Thus for each z in B, the quotient (62) is meromorphic in w in (67), 
and we can introduce the largest radius of meromorphy M‘^{z). 
Now if for all z, ip(z, w) is non vanishing at the origin ly = 0, the 
quotient is analytic, and our previous theorem applies. Suppose how- 
ever that for (z) = (0) say, </p(0, w) vanishes for iz; = 0. Then by the 
Weierstrass preparation theorem (see section 1, Chapter IX) there 
exists a neighborhood 

(68) \zB B';w E A'(z)] 

of the origin such that in this neighborhood <p(^z, w) is representable in 
the form 


<p(z, w) == [w^ + Ai(z)w^ 1 -j- Ap(z)\Q(z, w) 

where ^(z, w) is analytic and non vanishing in (68), Ai, • • • , Ap are 
analytic in B', and Ai ' • • ^ Ap are zero at the origin. Thus we have 
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in (68) 

\w^ 4- Ax{z)w*-^ _l_ . . . 4 - Apiz)]f(z, w) s = g{z, w) 

Now, for each 2 , the radius of meromorphy of the function g{Zj vi), 
which is analytic in (68), is the same as for /(«, vi) itself. But to the 
latter our theorem applies, locally to every neighborhood jB' of B, 
and thus our entire Theorem 9 applies to the meromorphic function 
as described. 

§11. A THEOREM ON COMPLEX LIE GROUPS 

We have defined and treated subharmonic functions by inequalities 
in terms of boundary integrals. But they also obey inequalities in 
terms of space integrals. Thus, if we have 

^(0, 0) < /oV(p cos dy p sin e)dd 

for all sufficiently small p, then on multiplying by 2pdp and integrating 
in 0 < p < r we obtain 

^(0, 0) < ^ y)dxdy 

where XJ is the circle < r^. In general, the analogue to this 

exists for Hartogs functions in several complex variables. Assume 
for the sake of simplicity that all functions are continuous. Then the 
Hartogs functions fall under the following very general definition 
(which is one of many possible ones). We call, for the present, a 
function f{x\, * • * , x^) in a domain D in subharmonic, if corre- 
sponding to any ac in Z) there exists a sufficiently small neighborhood 
Ux containing x such that 

where m(Ux) is the volume of C/*. Thus the expression on the right 
is the spatial average of /(|) over ?7*. For n = 2k, the real (an 

imaginary) part of any function of k complex variables is certainly 
subharmonic in this sense. 

Now, take an orthogonal matrix 

{upg}, q = ^ r 

The dimension r shall have no arithmetical connection with n. Ortho- 
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gonality means 

(69) sr_ia*. = 1, p = 1, ■ • • , r 

and 


(70) 


qa 



p, g = 1, • ■ • , r, P ^ q 


We have split off (69) from (70) as a condition because we will make use 
of (69) alone and none of (70). However in the ultimate application it 
would be pointless to have anything more general than orthogonality. 

Now, assume that we have a family of orthogonal transformations, 
all coefficients apg(x) being functions in the same domain D in En. 
Out main statement is as follows. 

Theorem 10. If all apq(x) are subharmonic in the manner pre- 
viously stated for the same neighborhoods Us, then they are constant. 

Proof. Indeed we have 


ap«(x) 

From Schwarz’s inequality 


1 

ni{Us) 




(71) (/<^p«(€)dwi)^ ^ ‘^( ^») J[®i>»(^)1^^^t 


we thus obtain 

(72) [ap.(x)]* < ;[a,.(S)]^dwt 

and hence 

(73) s:-.i[ap.(x)]2 < / s:«i[ap.(^)]^cf?^€ 

mi^Ux) 

Since (69) holds, (73) is a strict equality and working backwards we 
see that (71) must be an equality. However by the precise version 
of Schwarz’s inequality this implies that ap,(^) is a constant in ^ as 
claimed. 

Theorem 11. If in a family of unitary matrices 

(74) { ^a5«(2j) } P,<I— 1 

the coefficients are analytic functions of k complex variables in a domain 
D, then they are constant. 

If we introduce the unitary transformation 

(75) r; = Scp«(z)r<r 

for complex vectors and split into real and imaginary parts, then 
(74) gives rise to a family of orthogonal transformations in 2r real 
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variables whose coefficients are real and imaginary parts of Cp,. Thus 
Theorem. 11 is a consequence of Theorem 10. 

We may also obtain 

Theorem 12. If a complex Lie group is compactj or only if its 
adjoint group is compact^ then the adjoint group is the identity and thus 
the group is commutative. 

For this theorem we naturally presuppose a knowledge of the 
prerequisites involved. We recall that the adjoint group of a complex 
group is a complex group of the form (75). If the group is compact, 
then so is the adjoint group, though the converse is not true. If the 
adjoint group is compact, then by a suitable choice of coordinates 
(f g) it can be made into a subgroup of the unitary group, and Theorem 
11 shows that in our case the adjoint group must be the identity. 
But this implies in general that the original group is Abelian. 

Thus a compact complex analytic manifold which is a group space 
can only be the type of multi-torus as occurs in the theory of Abelian 
functions. 
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that "subharmonic functions” is a fluid concept and that it gains in 
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CHAPTER VIII 


Removable Singularities 

§1. Generalized Solutions of Partial 
Differential Equations 

In the space of n real variables take an (open) domain D and in it 
a closed cube 


R: 


Cii ^ ^3 ^ hj 


7) 


1, 


n 


Take a continuous differentiable function f(x) in D which vanishes 
in D — 72. Then for each we have for the volume integral the 
relation 


( 1 ) 


Sz>^dv. s 0 


df 


In fact, since — = 0 in 7) — 72 we have 

dxi 


r ^ 

J D - dvx 

dXj 


J R ~ dVx 

dXj 


and taking the integral as a repeated integral and integrating first 
with respect to xj we obtain (1). Now take two continuous, abso- 
lutely integrable functions F(x), G(x) in D, and assume that there 
exist functions /i, * * • , /n in D, each vanishing in D — 72, such that 
identically in D we have 


(2) F(x) - G{x) . 

Then we conclude 

(3) hF{x)dv. 


^ + ^ + 

dXi dXi 




dfn 

dXfi 


(4) 


iDG(x)dvx 

We will apply this in the following manner. Consider an operator 

^ri+**-+r»y 


^^"1+ • • ■ •+'*'n (^) 


dxl^ 


X 


n 


that is, a finite sum of the form 


(5) 


a/ + ^ + 

dx\ 


"T On h c -7-^ -h 


dx 


n 


dxi 
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This is the most general linear diJfferential operator, the coefficients 
ari...r„(a;) being- assumed differentiable as often as required for any 
one purpose. In our essential applications these coefficients will be 
constants, but some of our results, and indeed the principal result 
will apply to nonconstant coefficients. Therefore for the sake of 
completeness we take nonconstant coefficients. The index N need 
not always be the smallest one possible. Thus it may sometimes 
happen that 


ar,...rn(a;) = 0 


for all combinations ri, • - • , rn with ri -1- • • • = N . But 

usually it will not, and we will always call N the order of the operator 
(4). Furthermore, both the coefficients ar{x) and all functions f{x) 
might be complex-valued. But usually they will be real valued. In 
either case they will not be presumed analytic in the real variables x 
unless so stated. 

There always exists an adjoint operator, which will be denoted by 
A*, which we will let operate on a function which will be designated 
by another letter, say <p. The formal definition is 


( 6 ) 


AV 




(- 1 ) 


f iHr ’ * * +rn 




The relation between A/ and A*<p is as follows. There exists a finite 
number of expressions 


(7) 



• > (p, 




each being a polynomial with constant coefficients in the quantities 
a, /, <p and their partial derivatives up to a certain (finite) order, such 
that 

dJP dJP 

(8) (A/)V - (A V)/ ^ + • • • + ^ 


this being an identity in a, /, <p and their partial derivatives (as far 
as the latter occur). Furthermore, in each of the polynomials (7) 
each individual monomial actually contains / or a derivative, and 
similarly <p or & derivative. 

Now, assume that / and <p are differentiable up to order N, and 
that the function <p (and therefore its derivatives) vanishes outside 
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the cube R. Then (8) is a relation of the form (2), and from (3) we 
obtain 

(9) /-d(A./) • (pdv^ = fjof • {A*<p)dv^ 

The functions / and <p will play very distinct roles. The function 
f will be a fixed function in D, at first of differentiability class C^. 
However <p will be a variable function, of the sort which we will call 
a testing function. Given a point P in D and any sufficiently small 
neighborhood U of P, then a testing function shall be continuous and 
infinitely differentiable in all of £>, equal to 0 outside U, but 5 *^ 0 , 
say = 1, at P. Such functions have been constructed in section 3, 
Chapter VI. Their role is to “test’’ whether a given function g{x) 
in D is everywhere 0. Obviously, if g(x) is continuous, and if for all 
testing functions <f> the relation 

fDg<pdVa: = 0 

holds, then g is zero. Otherwise there would be a neighborhood U 
in which g{x) > €o > 0 (or g(x) < — eo < 0) and for a suitable testing 
function <p we would have SDg<pdvx > 0. 

Now, in particular, a function /is a solution of the equation 

(10) A/ == 0 

if and only if for all testing functions <p we have 

( 11 ) fi>(iAn<pdvx = 0 

By (9) this is entirely equivalent with 

( 12 ) /!>/• (A*<p)dvx = 0 

The difference between (11) and (12) is thus that in (12) only/ itself, 
but none of its derivatives, is being “tested.” However, the equiva- 
lence between (11) and (12) does require that/ be of class C^. 

This suggests, however, a generalization of the concept of a solu- 
tion of (10). We will not push the generalization to the extreme limit 
possible. We will require once for all that /(x) shall be defined and 
measurable in D except for a set of measure zero, and that in every 
closed subcube R, f(x) shall be Lebesgue integrable. We do not 
require that /(x) have a finite Lebesgue integral /|/(x) dvx in all of D. 
On the other hand we do require that f(x) shall be a Lebesgue-measur- 
able point function, although we could replace /(x) by a distribution, 
that is a set function F(A'). With this in mind we then define /(x) to 
be a generalized solution of (10), if corresponding to every point P in 
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X> there exists a neighborhood Uo of P such that for a subneighborhood 
U of Uo and for any testing function <p(x) vanishing outside of U we 
shall have relation (12); the integral (12) obviously existing. Clearly 
if a generalized solution happens to belong to class it is a “strict” 
solution. 


§2. Constant Coefficients 

In the case of constant coefficients ari...r„, every generalized 
solution is a certain limit of strict solutions. If the approximating 
sequence of strict solutions is fi(x), f 2 ix), * * * , then in every cube R 
we have 

(13) lim,_oo /a|/(x) — /,(x)|dv* = 0 

Actually it will suffice to prove less. We will prove (13) in every 
cube R, however we will allow the sequence {/«} possibly to differ 
from cube to cube, and we thus will claim the existence of the func- 
tions {/.(x) } and the occurrence of the relations 

(14) Afsix) = 0 
only for any one cube R. 

Take a testing function <p(x). It vanishes outside some U. 
Denote the distance between the boundaries of U and D by 5 > 0. 
Then for any “vector” t whose length does not exceed 6/2 the trans- 
lated function <pt{x) = <p{x — £) is likewise a testing function, albeit 
in C7t — 1/ -h (0- Furthermore, due to the constancy of the coefficients 
we have 

A*<pt(ix) = 

Thus we obtain from (12) 

(15) SdKx) • (A*<Pt(x))dVa: = 0 

for 11^11 < 6/2. It is now not hard to see that we can shift the trans- 
lation from <p onto /, thus obtaining 

(16) Jofix + t)A*<p(x)dv^ = 0 

for 1 ^11 < 5/2. Now if Dp denotes any subdomain of D whose bound- 
ary has a distance > p from the boundary of D itself, then we can 
form the function 


(17) 



' ' * /?L;,/(Xl + ifl, * • ■ , Xn + tn)dt\ ' ' ' di 
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for X in D^h- Relation (16) implies 

(18) fr>2hf(x 4- t) • A*<p(x)dVx = 0 

for <p(ix) a testing function in 1 ) 2 *, and if we integrate (18) with respect 
to t and interchange integrations with respect to t and x, we obtain 

( 19 ) S i>2}Jh{x) • A*<p(x)dvx — 0 

Thus in D^h, fh{x) is again a generalized solution of (10). But, for 
fixed Ti, /*(x) is a continuous function in x, as can be found by verifying 
directly the definition of continuity. Furthermore, for each cube R 
in D 2 a^, ho fixed, and for any sequence /i, — > 0 we obtain 

( 20 ) JrIKx) — fh,(^)\dV:, ^ 0 

In fact from 

|/(a:) - h(x)\ < • /l*|/(x) - f(x + 

we conclude by Fubini’s theorem that 

(21) /bI/Cx) - fH(x)\dv, < /1b • • ■ iUHh, ■ ■ ■ , tn)dv, 

where 

^(0 = J«|/(^) — f(x + t)\dvx 

But yj/(t) tends to zero as i > 0 by a fundamental theorem of the 
Lebesgue theory, and therefore (21) implies (20). 

Now, starting from the generalized continuous solutions faipc) we 
can iterate the process of averaging thus defining 

fh, 2 (x) = * * * S^hfh{x\ + ^1, • • • , Xn + tn)dVt 

These functions are of class and similarly the (^N 4" l)*"th /^-average, 
i gives functions of class which are generalized solutions 
of (10) and thus strict solutions. And there are sequences {/,} among 
them for which (13) holds. 

§3. Harmonic Functions 

There are equations (10) which are such that their strict solutions 
are automatically analytic, and such that if a sequence of their strict 
solutions converges in norm in the sense of equation (13), then the 
limit function, after suitable correction on a null set, is differentiable 
sufficiently often, and is thus itself a strict solution. The prototype 
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is the Laplace equation 


( 22 ) 


dx\ 




4- 


dxl 


0 


Let /(x) be a strict solution of (22), that is, a harmonic function. At 
each point x such a function is the average over the (n — 1) -dimen- 
sional boundary of any sphere with center at a;. We write it in the 
form 

/(^) = + pOdo)i 

where ^ is a point of the unit sphere, is the (n — 1) -dimensional 
area-element divided by the total area, and p is an arbitrary small 
positive number. If we multiply by p^~^dp and integrate from 0 to 
r we obtain 

fix) ^ faJix + i)dv, 

OJn 

where the integration is now over the solid interior of the sphere 
>Sr: + ’ ' * + and co„ is the volume of Sr. Now for a 

sequence of harmonic functions we obtain 


(23) fi{x) = — Ssrfiix 4- t)dvt, j = 1, 2, 3, • ■ ^ 

COn 


and if (13) holds and r is fixed, then (23) converges towards 


(24) 


1 

— IsJix -f- t)dvt 

co« 


Also it is not hard to see that for a fixed sufficiently small radius r, 
the convergence of the right side of (23) is uniform in every sufficiently 
small neighborhood. From this we conclude that the sequence /,(x) 
converges at every point x and uniformly in every neighborhood. 
However, as for n = 2, so also for n > 3, if a sequence of harmonic 
functions converges uniformly then it is a compact analytic class and 
the limit is again analytic. This follows from Poisson’s integral 
which for the interior of the unit-sphere around the origin is 

1 2 

(25) fix) - Cn fs 

where S is the boundary of the unit sphere, ja; — is the Euclidean 
distance of the points x, is — Oj^, dcof is the area-element, and 
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Cn is a numerical constant. For a very elegant derivation of (25), 
the reader is referred to a paper of C. Carath^odory listed as number 3 
at the end of this chapter. 

Summarizing, we have seen for the case of constant coefficients 
that every generalized solution is a certain limit of strict solutions, 
and for the harmonic case this limit is again harmonic. Thus every 
generalized solution of (22) is also a strict solution. 

§4. Systems of Equations and op functions 
Take a system of operators 

(26) Ai/, • • • , A./ 

each one of which is an expression of the type (4), and consider the 
system of equations 

(27) Ap/ =0, p = 1, • • • , r 
Obviously any solution is also a solution of the system 

(28) ;/ • {A*<p)dv = 0 

and a generalized solution of the system (27) can again be defined by 
means of the system (28). 

But now take not one unknown function f{x) but a system of s 
such functions which we can interpret as a vector 

(29) /(cc) = (/i(a;), • * • , f.{x)) 

Consider a rectangular matrix of operators 

(30) Apr, p = 1, • • • , r; or = 1, • • • , s 
and consider the system of r equations 

(31) Api/i +•••-!- Ap,/, == 0 

each of them being an equation in the same s functions. If we take 
a test function ip{x), which is a single function, and not a vector func" 
tion, then our reasoning shows that a vector /(a;), which is sufficiently 
often differentiable, is a common solution of (31) if and only if we 
have the system of r equations 

(32) /©(/i * A*i<p + /2 • A*2<^ + * ■ ’ 4“ Apg < p)dvx — 0 

Again, a generalized solution is one in which each component / is 
Lebesgue measurable and integrable in every neighborhood. Con- 
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sider, for instance, in 3-space a joint solution of the system 
(33) div / = 0, rot f ~ 0 

that is of the four equations 


(84, M_«l 

dxi dx2 dxz dXj dXi 

A generalized solution is one for which 


I < i < j < S 


(35) 


• (f ^ 

" V ‘ a®. 


D (/< — fi 1 ^) dw = 0 

\ axj 0X3/ 

f 2 ^ + /s dv 0 
dX2 dx,/ 


Now, for a strict solution of (33), the known relation 

(36) vy* = grad div / — rot rot / 

implies the equations 


(37) A/i - 0, A/2 = 0, A/s = 0 

and thus in particular every joint solution of (33) is analytic. Now, 
it is an important fact, which we will prove immediately, that 
any generalized solution of (33) is also a generalized solution of (36) 
and thus of (37). This in turn means that it is analytic and hence a 
strict solution of (33). 

Consider an operator A and another operator which we will denote 
by L, and apply them successively, thus forming L[Af]. On applying 
(9) first to L and then to A we obtain 

JL[A/] ■ <pdv = jAf • L^<p • dv = // • A*L*<p • dv 

and thus (LA)* = A*L*. Suppose now that we are given a matrix of 
operators (30), and a system of operators Li, * • • , Lr, and we form 
the operator 

(38) S*^i(2;-.iLpAp.)/. 

then any strict solution of (31) which has sufficiently many derivatives 
is also a solution of 


(39) Mf ^ 0 

We call the system (39) an induced system, induced by the system (31) 
that is. We claim that a generalized solution of (31) is also a general- 
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ized solution of (39). In fact 

where <p* — L*<pp, and this vanishes because of (32) if we replace 
there <p by <pp and sum on p. 

We may draw from this the previously mentioned conclusion that 
every generalized solution of (33) is a strict solution, consisting of 
harmonic functions. However of greater importance to us will be 
the following theorem. 

Theorem 1. In the space of 2k real variables Xj, t/,*; Zi = Xj + iy,, 
j = 1, • * • j k, every generalized pair of solutions {u, v) of the system 
of Cauchy-Riemann equations 


(40) 


du dv 
dXj dyj 


du 



dv 

dXj 


= 0 


in any domain D is, after alterations on a point-set of 2k -dimensional 
Lehesgue measure zero, a strict solution, and thus f(x, y) = u iv is 
an analytic function of the complex variables Zi, • • • , Zk. 

This theorem is of the Menchoff-Looman type, but not at all 
as deep as that theorem. Nevertheless it will admit important 
applications. 

Other theorems of a similar type are given in the paper listed as 
number 1 at the end of this chapter. 


§5, NULLIFIERS 

A nullifier will be an auxiliary function which will excise an alleged 
singularity of an analytic function and then in the process of the 
excision demonstrate that the threatening singularity was no singu- 
larity after all, in other words that it was only a removable singularity. 

In En we take a fixed function <p(xi, * • • , Xn) having the following 
properties : 

(i) It is defined and it has (mixed and iterated) partial derivatives 
of every order in the entire space, and (ii) it has the value 0 in -h 
• • • + < 1, the value 1 for a:? 4- • • * x\ > 2, and values 

between 0 and 1 in the shell 


\ <x\~V ‘ xl< 2 

It is easy to construct such an even function for n = 1, that is, on 
the straight line. Having done this we can then obtain one for arbi- 
trary n for instance by replacing in the one-dimensional function the 
variable x by -h \/x\ • • • + x^. To each AT = 0, 1, 2, - • • , 
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there obviously exists a constant Cn such that for 
(41) ji + • • • + jn < N 


we have 
(42) 


Qh+ • • • +in^ 


dx 


dxl 


n 


< C 


N 


in the entire space E^. 

Next, take a finite number of points 


(43) Pp = {^pi, ‘ , $pn}, p = 1 , • • • , r 

a finite number of weights jui, • ■ • , pr, (mp > 0, mi + * * * + Mr > 0), 
and an € > 0 , and form the function 


(44) 


<Pt(x) 


1 

Ml 4" • • ■ + Mr 


Sp«.iMp^ 



Also denote by A, the r 7 -neighborhood of the sets 


A 


(P: 


.Pr) 


Thus A, is the point set-union of the r open spheres of radius rj with 
centers at Pp, p — 1 , • - • , r. We now claim that <pt{x) has the 
following properties which the reader will very easily verify: 


(i) 

(ii) 

(iii) 

(iv) 


dh+ ' • • +^-<p,(x) 
’ * • dx^^^ 


0 < <p^{x) < 1 in En 
<pt(x) = 0 in A, 
<Pt{x) = 1 outside 


< 


C 

^ 71 + * * * +in 


for j\ -f- 


A- On < N 


where C is the same constant as in (42), 

Now take an arbitrary closed point set A, and introduce its neigh- 
borhoods At and A 2 « for fixed c. Corresponding to any 17 there exists 
a finite pointset A^’’^ which is a subset of A, and such that each point 
of A has a distance < tj from some point of A^’'\ For given N 
construct a function <pt^^^(x) as before, pertaining to iV + 1 instead of 
N. For a decreasing sequence rjp — > 0, the functions and their 

derivatives of order < N are an equiuniform class. Also their neigh- 
borhoods A«<’»*’^, A 2 «^’"^ for fixed €, converge toward A «, A 2 # in a well 
defined sense, and we thus obtain a function having our previous 
four properties for any bounded closed set A. These functions will 
be our nullifiers. 
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§6. Removable Singularities in General 

Let D be a bounded open set in and let Do be a relatively open 
subset; the difference D — Do will be denoted by A. The set A is 
bounded and even though it is only relatively closed, our previous 
construction of nullifiers goes through for A. W'e will look upon A 
as an '‘exceptional set.'’ In our actual application it will have to be 
a '‘small" set, of lower dimension < n. But at first we do not 
qualify it at all. It may very well have an interior. 

Now take a system of equations (31) in all of D, that is, the coeffi- 
cients ar{x) shall be given in all of D. Take, however, a generalized 
solution of the system in Do. It shall be so given only in Do, thus in 
particular each component shall be defined in Do except for a null set, 
and (32) shall hold (over Do) for each testing function in Do- We now 
define the functions /i, * * * , /« to be functions in all of D; this we 
do merely by putting them equal to zero in all oi A. li A has Lebesgue 
measure zero, this process of extension is redundant. But now we 
ask the following question. Under what conditions is the (extended) 
system a generalized solution of (31) in all of D, in other words, under 
what conditions is (32) satisfied for testing functions in all of D? If 
the latter situation arises we say that the point set A consisted of 
removable singularities for the original functions in Do (or D, if A 
had measure zero). 

If ^ is a testing function in D then 

<p(x)<p^{x) 

is a testing function in Do, since it vanishes outside a subneighborhood 
of Do, due to property (ii) of <pe{x). Since / was assumed to be a 
generalized solution of (31) in Do, then for each fixed p we have 

Soifl ' A*(^^e) +•*•+/,' = 0 

If we take into consideration that the partial derivatives of <p of 
order < N are bounded in D, and if we make use of all properties of 
<pt(x), it is not hard to see that for each a; in D we have 

— A^(<p)| < ~ 

However for a; in D — Az^ we even have 

\^%{<P<P€) ~ A*^(v3)| = 0 
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since ^.(x) = 1 for x outside Az*. Therefore 
1 / d(/i * + • • • -)r f^K^^<p)dv\ 

< /d| S<r/«r(A^<i£7 — Kp^{<p(pt)\dv 

^ -!-•*•+ |/«|)dv 

But if we denote by the part of which lies in Do, remembering 
that /a = 0 in D — Do, and if we replace 2c by c we finally obtain the 
following important theorem. 

Theorem 2. If a vector function f is a generalized solution of a 
system of order N in a hounded open set Do — D — A where D is a 
larger open set and A is an exceptional set in it; if Bt is the ^-neighborhood 
of A in Do, if we denote by i>(e) the n-dimensional volume {Lehesgue 
measure) of jB« and if we denote by T{e) the strong average of f over Bt, 
that is, 

(46) r(*) = ^ K(l/il + • ■ • + \f.\)dv 

then adding the values f ^ 0 on A will produce a generalized solution 
of our system in all of D provided we have 

<«' ” (iiij) 

§7. Removable Singularities of Analytic functions 

Of greatest interest is the case in which the system of equations 
(31) is such that every generalized solution is automatically a strict 
solution, and analytic say. In this case, whenever A has measure 
zero and Theorem 2 applies, the given vector / in Do will automatically 
determine additional values on A (other than zero). And in this 
case our theorem is truly a theorem on removable singularities in the 
literal sense. 

Now put n — 2k, and take a function f(zi, * • ■ , z*) which is 
analytic in Do. When can it be continued into D? The answer 
given by our theorem is obtained as follows. If f = u iv, then 
u and v satisfy the system (40) and thus N = 1. If now for instance 
f(z) is bounded in D, then 7\e) is bounded and thus (47) will be satis- 
fied whenever 
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that is, whenever 

( 48 ) v(€) ~ o(e) 
or written more explicitly 

(49) viB,) = 0(e) 

We will later have precise conditions for the validity of (49) or at 
least for the conclusion desired. At present we only state heuristically 
that (49) will not be valid if the exceptional set A has the highest 
dimension compatible with being a hypersurface, namely n — 1. 
Because in this case, is an n-dimensional layer of thickness 2c and 
thus v(e) is proportional to c which is not compatible with (48). How- 
ever, any slight additional bit suffices. Thus if we assume that A is 
only (n — 2) -dimensional, then v(e) is proportional to c^ and (48) is 
amply verified. For instance in the case of one complex variable 
n = 2, a zero-dimensional set A consists of one or several exceptional 
points, and for a bounded analytic function, they are accordingly 
removable singularities. This then is the classical theorem of Rie- 
mann. But the customary proof is one employing Cauchy's integral, 
that is curve integrals, whereas we draw our conclusion from what 
corresponded to a solid integral. Returning to (47), if A is (n — 1)- 
dimensional, then our conclusion still holds if J(x) converges to zero 
as X approaches A, instead of only remaining bounded. 

If, however, we consider not analytic functions of complex vari- 
ables, but say harmonic functions, that is solutions of (22), then N — 2; 
and in this case our conclusions ‘‘worsen" by one dimensional unit. 
Thus even if A is a (n — 2) -dimensional smooth surface, then mere 
boundedness is not enough to ensure a removal of the singularity. 
And for (n — 1) -dimensional A it is not enough to know that /(a;) has 
the value zero everywhere on A. Thus for n = 2 the harmonic 
function f(x, y) = la;| is harmonic for a; < 0 and for a; > 0 with 
/(O, y) = 0 and yet it is not harmonic throughout. Furthermore, in 
three-space a harmonic function might have proper singularities 
along a curve if it stays bounded but not if it has boundary values 
zero on the curve. 

Before continuing we will derive a very general uniqueness theorem. 

Theorem 3. Let Do be a hounded domain part of whose boundary 
is formed by a piece B of an (n — \) -dimensional surface, and denote 
by Bt the e-neighborhood of B in Do. If a system of equations of order 
N is such that every generalized solution is automatically analytic, then 
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whenever fix) has ^‘boundary value zero^^ on B in the precise sense that 



then f{x) = 0 throughout. 

It should be noted that for B sufficiently smooth, v{e) ^ Ce, and 
(50) means 

Tie) = o(e^-0 

which for instance for N — 1 will be satisfied if fix) has boundary 
values zero on B. If however N > 1 we will obtain this if we assume 
that on approaching the boundary points B we have fix) — 
where 5 is the distance of x from B. 

For the proof of Theorem 3 take a domain Dl which borders on B 
from the outside, and then put D = Do + ^+ Di, and A = J5 + Di, 
and complete fix) by zero in A. We can now apply Theorem 2, and 
we obtain the conclusion that the vector function fix) thus completed 
is a strict solution of the system in all of D. In particular it is analytic 
in Dj but being zero in a subdomain Di, it vanishes identically. 

§8. A TYPE OF EXCEPTIONAL SET 

Let <pixi, * * • , Xn) be a function in a domain D of En. The 
function is said to satisfy a uniform Lipschitz condition of order X, 
0 < X < 1, in Z) if there exists a constant M such that 

\<pix\, ' ' ' , x'J — ifixi, • • • , Xr.)\ < M • rnaxy^.!,... .n \xf — 

for every pair of points x', x in D. It is clear that the condition 
implies uniform continuity of tpix) in D. Also by the mean value 
theorem for several real variables, it is clear that if in some 

convex domain 7' containing the closure of D, then ^ satisfies a uni- 
form Lipschitz condition of order 1 in D, the bound M being any 
bound for the first derivative of <pix) in all directions^ for an open 
neighborhood of D in T. 

Theorem 4. Let 

(piiXi, • • ■ , O^n), * ’ ' ; V5n+2(Xi, ' ' ' , X^) 

he in + 2) real-valued functions in a domain D of Enj each satisfying a 
uniform Lipschitz condition of order X(0 < X < 1). Let (ai, • * * , a^) 
he a point in D and^ for p sufficiently small, consider the cube 

Rp'. — p ^ Xj — a, p, j = I, ' • ’ , n 
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Then the set A of points (y) in the (n -f- 2) -dimensional space (yi, * • • , 
yn+ 2 ) defined hy 

(51) A . 2/ at * j Xn)j (^) in -^P ; CK — 1, * ' * , ?!■ "1” 2 

has the property that 

viA.) = 

where A* the e-neighborhood of A in En+ 2 , and v{A^) is its Lebesgue 
measure. In particular for X > n/(?i + 1), and thus certainly for 
\ ^ we have 


(52) 


v{AI) = o(e) 


For the proof we may assume ai = • • • == a« = 0. Let 


(53) 


Co = 


1 

•x/n 


dist [Rp, boundary of D] 


and let c be a fixed positive number < co. With this c we define a 
system of points in D each of which will be the center of a cube of 
side €, and the sum of these cubes will cover Rp and be contained in 
D. These lattice points are merely the points 

(^le, • * • , r„e) 

where ri, ■ • • , rn range independently over 0, ±1, ±2, ■ - - , ± [p/c], 
where [p/e] denotes the largest integer < p/e + This yields 

"• - 0 [7] + ')■ 


lattice points. We arrange them in any order and denote them by 

(xf, • • • , x^), p = ^ 

With each of these lattice points as center we define a cube of side c, 


(55) 


IC7 






n 


The cubes clearly cover Rp, and moreover by (53), since e < co, they 
all lie within D. N^ow let A^^^ denote the map of R^^^ by means of the 
transf ormation 


a = 1, • • • , n + 2 


(56) 


2/ a ^cc(^^ly y y 
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Since the iV« cubes cover i?p, it follows that these N^. sets 
cover the set A defined by (51). 

Now since the tp's satisfy uniform Lipschitz conditions of order X 
in D it follows that there is a constant M independent of €(€ < €o) 
such that 

(57) \(Pa{Xi, * ■ • , Xn) — V’a(^l, * * * , X^)\ < 

o£ = 1, • • * , n + 2 

for X in the cube defined in (55). Thus the set A^^^ is certainly 
contained in the set 

(58) \ya — 2/S| < <x — Ij * • • ,71 + 2 

where is the map of by (56). If we enlarge each of the sides of 
the cubes (58) by an amount then not only A but also will be 
contained in the sum of the sets so obtained, that is is contained 
in the sum of the cubes 

\yci — 2/Sl < {M 4- 1)€^, O' = 1, • - • , n 4- 2 

It now remains to evaluate the measure of the sum of the iV, 
cubes Each such cube has the volume 

(Af 4- l)"+V<»’+2) 

and hence 


V(4.X) < AT, • (M + l)-+2€X(n+2) 

= ^2 j 4- iV {M + i)»+2«>'(»+2) = 

Thus 

viA.-) = 

This concludes the proof of Theorem 4. 

§9. A Basic Theorem on Removable Singularities 

We will consider removable singularities not of individual analytic 
functions but of complex analytic mappings. 

Theorem 6. Let 4'(zi, • ■ ' , z/c) be defined and continuous j or 
only bounded, in a neighborhood of a point {a\, * * * , Uk) and let xf/ be 
analytic in that neighborhood except possibly on an exceptional set E 
defined by 

(59) E: 
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where O is analytic in a neighborhood of (a) with #(a) =0, 0. 

Then yf/ is analytic in a {complete^ neighborhood of the point (a). 

This theorem is not yet sufficiently general for later use in analytic 
mappings and consequently we will prove the following more general 
theorem which will be of sufficient generality for our later work. 
Although these theorems are stated in terms of local conditions the 
conclusions can be extended to the large. 

Theorem 6 . het ^(21, • • • z*) be an analytic function (^ 0 ) in a 
neighborhood U of a point (ai, • • - , ak) in (zi, .• • • , zjf)-space, with 
4>(ai, * * * , a*) == 0. Suppose that U is mapped in a 1-1 manner 
into a point set in (w\, ' • ' , Wk) -space by real functions /i, • ♦ • , /s* 
of the real variables xi, 2/1, * ‘ , Xky yky where Zj = x, + iyj and 

(^0) Wi = fi if2j * • * , Wk = /2fc~i -h if 2k 


and suppose further that each individual f 
condition of order X in U for some X in 


satisfies a uniform Lipschitz 
2h 2 

< X < 1. Let 


• • ' , bk) be the image in (w) -space of the point (a). Then if a function 
G{w\j • • • , Wk) is defined and continuous, or only bounded, in all of a 
neighborhood V of (6) and analytic in V except possibly on those points 
Ev> which are images of points E satisfying ^ — 0 it follows that G is 
analytic in some complete neighborhood of (6). 

If the mapping (60) were assumed to be an analytic mapping with 
a nonvanishing Jacobian then Theorem 6 would be a consequence of 
Theorem 5 since in such a case the mapping (60) could be solved for 
the z’s as analytic functions of the ty’s. But it is precisely in order 
to be able to handle the case of analytic 1-1 mappings in which no 
information about the vanishing or nonvanishing of the Jacobian is 
known that Theorem 6 is needed. But we do point out that since 
the mapping is continuous and 1-1 it has a continuous inverse, and 
is thus topological or a homeomorphism. We will state this formally 
as a lemma. 

Lemma 1. A one-one and continuous mapping T of an open subset 
TJ of a coordinate space Sn into a subset of Sn is a homeomorphism. 

The proof of this lemma is given more or less explicitly in text- 
books on topology. 

Returning to our theorems, we are planning to prove Theorem 6. 
We will need the so-called Weierstrass preparation theorem and some 
additional material which we are postponing to Chapter IX. At first 
glance one might assume that our Theorems 5 and 6 are immediate 
consequences of Theorems 2 and 4 in as much as the ‘‘variety’' E 
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defined by (59) is “ (2A--2) -dimensional/’ This is actually so, but not 
in a manner immediately useful to us. There are theorems in the 
literature asserting that such a point set can be triangulated into 
differentiable, or even analytic, so-called simplices of dimensions 

< 2Ar — 2. Even granting the correctness of these theorems they still 
are not immediately applicable to our purpose. In order to be so, we 
would need to know that each of the simplices can be imbedded with 
its closure into the interior of an enveloping simplex of dimension 

< 2/r — 2 in such a way that the entire enveloping simplex is regu- 
lar.” Even if this could be proved, then total demonstration of the 
triangulation theorem needed would be longer and more involved 
than our direct proof of our theorems, so that our proof seems to be 
justified on any count. 

The proof (of Theorem 6) will be by means of mathematical induc- 
tion; the induction will be based upon the number of variables upon 
which the function ^ depends explicitly. First we shall show that 
the theorem is true whenever the function #(zi, * * * , Zk) depends 
explicitly upon only one {complex) variable throughout U. Let then the 
hypotheses of Theorem 6 hold and in addition let ^ depend explicitly 
upon one variable. Without loss in generality we take the points 
(a) and (6) to be origins in their respective spaces and we denote by Zi 
the variable upon which ^ depends explicitly. We write 

(61) F{zi) = <E>(zi, Z2, • * * , Zk) {z) in U 

Then F{zi) is analytic in a neighborhood of zi = 0, and F{Q) = 0, 
F{zi) 7 ^ 0. Hence there are a positive number p and a positive integer 
m such that 

F(zi) = z^Q.{zi) for < p 

where ^{zi) is analytic and nonvanishing in \zi\ < p. Thus if p' is 
any positive number less than p and such that the polycylinder 

P(p'): 3 = 1, 

is contained in Uj then the set E, insofar as it lies in P(p')» consists 
precisely of the points 

(62) E: Zi = 0, \z2\ < p', ' ‘ , \zk\ < p' 

Under the mapping (60) the points (62) are mapped into the portion 
of Ev} which lies in the image Q{p*) of P{p'). (Here we use the fact 
that (60) is 1-1.) And by Theorem 4 with n 2 = 2k we conclude 
that the portion of E^ contained in the neighborhood Q{p') of {w) = 
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( 0 ) has the property described by (52). By section 7 we conclude 
that the function. G(w) is analytic in a complete neighborhood of 
(w) = ( 0 ). Thus Theorem 6 holds for the first step of our induction. 
Now let p be a fixed integer in 

I < p < k 

and for our induction argument let us assume that Theorem 6 holds 
whenever the function * * • , Zk) depends explicitly upon at 

most p complex variables in U . We shall show that the theorem then 
holds whenever 0 depends upon (p H- 1 ) variables. Let then the 
hypotheses of Theorem 6 hold and in addition let ^ depend explicitly 
upon (p H- 1 ) of the variables 2 1 , * • • , 2 *, sayzi, * * * , Zp+i. With- 
out loss in generality we again take the points (a) and ( 6 ) to be the 
origins in their respective spaces. We define 

F{ziy * * * , Zjp^^ S ^(^ 1 , ‘ , 2 Ja) 

Then F{zij * * * , 2 ^ 4 . 1 ) is analytic in a neighborhood of — • • • = 
Zp+i = 0 , and F(0, • • * , 0) = 0, F{zx, • • • , 0. We dis- 

tinguish two cases as follows: 

Case A. 

i^( 0 , • • • , 0 , Zp^i) = 0 

Case B. 

F( 0 , • • • , 0 , Zp+i) ^ 0 

In Case A, there is a nonsingular linear homogeneous transforma- 
tion in the (zi, • • ■ , Zp 4 .i)-space, 

~ J == 1 , * * * , p -f- 1 

of such a nature that the function 

^ f Ty-f-l) = F(^'Za\.n^m, * * * , 

has the property 

F ( 0 , • * • , 0 , Tp+i) 7^ 0 

(See section 2 , Chapter IX.) If we annex to the transformation (63) 
the transformation 

^P +2 = rj)+ 2 , ■ ■ • , = tk 

then we have a nonsingular homogeneous linear transformation of 
the original (zi, • • • , z*) -space under which the set 

F- F(zij * * • , Zp+i) = 0 
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is transformed into a set 

E': FUi, • - • , = 0 

and since the mapping [(63), (64)] from (zi, • ■ • , z*) to (fi, • • • , T*) 
has a unique inverse which is linear it follows that the mapping from 
(fij * * ‘ , Ta) to ('ll?!, * * • , Wk) has all the properties of the mapping 
(60). Thus all the hypotheses of Theorem 6 are valid with 
■ • • , Tp+i) replacing F(zi, • • ■ , Zp+i) = ^»(zi, • • • , z*) and the 
functions /'• replacing the fj of (60), where the /'• are the transforms 
of the fi under [(63), (64)]. Hence it is sufficient to treat Case B. 

Under Case B the Weierstrass preparation theorem (see section 1, 
Chapter IX) states that there is a positive number p such that for 
l^il < p, • * • , l^p+ij < p, the function F{ziy • * * , Zp+i) is expres- 
sible in the form 

FiZl, • • * , Zp+l) = [Zp+I -h Ai(zi, ’ • • , 2!p)3p+i^ + • • • 

+ Afn{Zl, • • • , Zp)]J2(Zi, • • * , Zp+l) 

where the A’s are analytic in jzil < p, • • • , |zp| < p and zero at 
Zi = • • • = Zp = 0, and ^ is analytic and non vanishing for \zi\ < 
p, • • • , [zp+ij < p. Thus if p' is any positive number less than p 
and such that the polycylinder P(p'): \zj\ < p', i = 1, * • * , A*, is 
contained in U and its image Q(p') by the transformation (60) is 
contained in U, then the set E, insofar as it lies in P(p') consists pre- 
cisely of the points (zi, • * * , z*) satisfying 

(65) ^(zif * * * , Zp+i) = Zp_,.i + ^i(zi, • • • , Zp)Zp^i + ' * * 4" 

Atn{Zi, ■ * * J Zp) ~ 0, (z) £ P(^p'^ 

Denote by D(zi, ■ • - , Zp) the discriminant of yp when yp is viewed as 
a polynomial in Zp+i so that D is obtained by eliminating Zp+i from 
yp and dyp/dZp+i. Since D is a polynomial in the coefficients Ai, • • • , 
Am it is an analytic function of Zi, • • • , Zp in \zi\ < p', ' ’ ‘ , \zp\ 
< p'. Again we consider two alternatives, namely 

Case 1®. 

D(zi, ' ■ ' , Zp) s 0 

Case 2°. 

D(zi, • • • , Zp) ^ 0 

A function of the form of ^(zi, • • • , Zp+i) as described in (65) 
is called a distinguished pseudo-polynomial of degree m. In section 2 
of Chapter IX it will be shown that any distinguished pseudo-poly- 
nomical of degree m can be decomposed into a product of m(p < m) 
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irreducible factors, say 

= ^1 * • * 

where each ypa is an irreducible distinguished psuedo-polynomial (of 
the same general form as \J/) of degree say ria with ni + • • • rip — 
m. The discriminant Z) of ^ is identically zero if and only if two or 
more of the factors V'a are identical. Thus if Case 1® occurs certain 
of these factors may be discarded leaving the subset consisting of all 
the distinct ^«. The product of these distinct factors defines a dis- 
tinguished psuedopolynomial \f/* which has the property that — 0 
and t/' = 0 define the same point set, namely E, in a neighborhood of 
Zi, • • * , Z/fc — 0. But the discriminant D* of is not identically 
zero. Hence is sufficient to treat Case 2°. 

Treatment of Case 2®. In Q(p'), the image of P(p') by (60), we 
divide the points of Ew into two classes. The first class consists of 
all points of Eu> which are images of points of E (in P(p')) at which 
D{zij ' ■ * , Zp) 0; the second class consists of all points of E^ 
which are images of points of E for which X)(zi, • • • , Zp) = 0. We 
shall first show that G(wif * * * , Wk) is analytic in a neighborhood of 
every point of the first class. For this purpose let (ip®) be any point 
of this class. Then (tp®) is the image of a point (z®) on E for which 
^(^ij * • * , zj) 5 *^ 0. Since ^'( 2 :?, * * * , = 0, the non vanishing 

of D implies that d\p/dZp+i 5 *^ 0 at (z°). Hence by the fundamental 
existence theorem for implicit functions (see section 4 , Chapter II), 
the equation ^ = 0 can be solved for Zp+i in a neighborhood of (z®) 
yielding 

(66) Zp^i == ^(zi, ' ' ■ , Zp) 

with <pizl, • * • , Zp) = where tp is an analytic function of Zi, 

* * * , Zj, in a neighborhood of (z5, • • • ,zj). Hence in a neighborhood 

of (z®) the set E is represented by (66). If we decompose <f> and 
•iPi, • • • , IP* into their real and imaginary parts 

(67) ^(zi, • • • , Sp) = ol{xxj yi, • • • , Xp, yp) 

-I- 2 / 1 , * • • , Xp, yp), Wj = Uj + ivj, J = 1, • • • , A* 

then the image by (60) of the portion of E lying in a sufficiently small 
neighborhood of (z®) can thus be written in the form 

% — /2j— 1 , Vj = /2/, i = 1, • * • , A; 

where the arguments of / 2/-1 and are 

X\, 2 / 1 , * * • , Xp, yp, a(xi, yx, ' ' ' ^ Xp, yp), ^(xi, 2 / 1 , * * * , Xp, pp), 

^P+2, 2/p+2, ' ' * , Xkt Vk 
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and this is a mapping of the character required by Theorem 4 (» ith 
^ + 2 = 2k). Hence this portion of E maps into a portHin 
which has the property (52). The mapping (CK)) Inniig iiipologiral 
the only portion of Ew in a neighborhood of (w?®) in that whit li 
from the map of ^ in a neighborhood of and hi-nro by w*etic»fi 7 

we conclude that O is analytic in a neighborhood of (w^). 

Thus G is analytic in a neighborhood of ev«*ry point of tlw* 

first class, and the exceptional scjt Ew, insofar as it Ii«‘s in QiP K 
reduced to the points of the second class, that is to |ioiiits tm ilit* 
intersection Eu>E[^ where is the image unthsr ((K>) of the set E" of 
points (ziy ‘ • t Zk) for which 

(68) E'l D(zu • - • , 2p) 0, (2) €/'(p ) 

We can now apply our induction assumption, I'hit furiciittn 
• • • , Wk) is defined and either continuous or boumicd tliroughtait 
Q(p'), is analytic in Q{p') except possibly on tin* s»*t A'l, and in the 
image by (60) of the set (68), where D depends explicitly only upon p 
variables. Thus we conclude that G is analytic in a comf>I«‘t4i neighl»or 
hood of ici = • * • == ica: = 0. This comph'b^s Iht* ni*xt sU'p in cnir 
induction and hence concludes the proof of Theorcun 6. 

§10. ON JACOBIANS 

We will now prove a significant theonun for Jacobians of functions 
of several complex variables. For real variables, if ihi^ Jacobian is 
nonvanishing, the transformation is one-oncs ami topological. but tlie 
transformation can be topological without th«' Jacobian btdng non 
vanishing. For examples =* x® is a topologic'al map of •; .r « e 

, 1 1 • . d u 

into — oo <u < oo and yet the derivative - vanishr'H at 

dx 

X — 0. On close scrutiny it turns out that tliis anomaly in dm* to 
the variables being real; indeed we will hav<i folhiwing tlsMuem. 

Theorem 7. Let T be a one-one mapping of an open bH V in an 
analytic coordinate space Z^kiz) into some set V' in an analytie etmrdinaie 
space X 2 k(w). In terms of the local coordinates ( 2 i, • • • , m a 
neighborhood of every point of U lei the mapping T into a local coordinate 
neighborhood (za, • * • , Wk) in X 2 k(w) be given to/ 

(69) Wj = (piizij * * • , Zk), j ^ I, k 

where the functions <pi(z) are analytic functions of (zi, ■ • , j*) in the 

neighborhood in question. Under these conditions the mapping T ni tt 
homeomorphism, and in terms of any euimisHdde coordinate system ihr 
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Jacobian is nonvanishing throughout j 


(70) 


^(2i, 



‘ • • 

5(zi, • • • 


^ ^ 0 


Proof. As we have pointed out in Lemma 1, the mapping T is 
a homeomorphism; we need accordingly to show only that T has the 
further property described by (70). For this purpose let p be any 
point of U with image q = Tpy and let T have the form (69) in a 
sufficiently small neighborhood N{p) of p in U, where the z's and 
w*s are allowable local coordinates valid throughout N (p) and its 
image N{q) = TN{p) respectively. 

We shall first show that the Jacobian cannot vanish identically 
in N(p). This will depend upon the following known result, which 
for the sake of completeness we will prove immediately after we com- 
plete the remainder of the proof of Theorem 7. 

Lemma 2. Let ^ 1 ( 21 , • * * , 2 ^), * • ■ , <Pkizi, • * • , Zk) be analytic 
in a neighborhood N ip) of some point p. If the Jacobian vanishes 
identically in Nip), then there exists a relation 


(71) 12(<Pi(z), • • • , (pkiz)) = 0 

in some part of Nip). 

Assuming this lemma, we see that the Jacobian (70) cannot vanish 
identically in Nip), for if it did, then relation (71) would imply that 
T is not one-one from some part of Nip) into the image part of Niq), 
thus contradicting the fact that T is a homeomorphism throughout. 
Thus ^ cannot vanish identically in Nip). 

Returning to the proof of Theorem 7 we thus obtain the fact that 
the relation 


(72) ^(21, . . . ^ 2,.) = 0 

is a relation of the type considered in Theorem 6. Therefore relations 
(69) in Nip) determine an exceptional set in Niq), and in Niq) — 
the inverse of (69) is given by analytic functions 

(73) 2/ = xpjfwi, - • • , Wk)y i = 1, * • • , /r 

But the functions i/f&re also continuous in Niq), and hence by Theorem 
6 they are analytic in all of Niq). Now on substituting (73) into 
(69) we obtain 

'^3 = <p3i'4'i(w), • • ■ , ypkiw)) 
and hence we obtain 


di<PU ' ‘ , <Pk) ^ djypx, • • , ypk) 
d(2i, * • • , Zk) diwi, ' • * , Wk) 


1 
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This is valid not only in N(q) — Eu, but in all of N (q) and the second 
Jacobian is in particular finite. This implies in particular that the 
first Jacobian is different from zero in all of N (p) as asserted in the 
theorem. 

For the proof of Lemma 2 we not(‘ that if the Jat'obian vanish<‘s 
identically then the matrix 


(74) 


d(<pi, • • • <Pm) 
d(zu ' • ’ , Zk) 


has a rank s, 0 < s < k, such that all suhdeterminants of rank > a 
vanish identically, but not all of rank s. If s is z(>ro, t luui i) 

for all p, q, and hence in this case <pp Cp, which obviously kivcs n la- 
tion (71) in the form <pi — • Ci » 0, say. For tlie (!as<‘ .h > 0 lef 

d(<Ph ' ' ' , ^ ,, 

^ () 

a(zi, * • • , zj 


Take a point po at which it is not zcwo, and assume in new local r<t(u<li 
nates that po is the origin. Tluui the e(}uations 

(75) <Pt(Zl, * * • , Z,, Ze + i, • • • , ZA:) « Wj, j 1. ■ ' , *■ 

can be solved to obtain 


(76) Zj = m/(z, 4 .i, • • • , Zfc, Wi, • • • , u\), J !. 


where by Theorem 9 of (diaphu’ II the /i’s are analytii* function . oi 
, Z*, Wi, • • • , IP, in a neighborhood nf , , 

Zk = 0, Wi = wl, ■ ■ • , w, ic!; (fc‘‘ .On ( )n mI. S: 

tuting (76) into the (,s -f 1)-,^/ etjuation of (tVd) NS «• obt HI n 

(77) , Zk) (t 

This is a relation in 


z, 1 1 


, Zk; 


H’l. 


IP 


li' 


* « } 




ip> t J 


() 


(78) 

of the form 

(79) 

^ I"* I 5 > f I t 

which obviously is not ftdfilltal identically in the variables (Vh! run* 

w.+i cannot cancel out. Ilowevfu-, it follows on th«‘ basci of t h, 

vanishing of all (s \)-sf minors of (7d) that the vanablct 

, z* do not occur in (79) and thus (79) is a nontrivial r*datiun 
of the type (71). 
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This concludes the proof of Lemma 2. 

We will draw an interesting conclusion from Theorem 7 but first 
we state a lemma which we number as Theorem 8. 

Theorem 8. If a sequence of functions fnizi, • ' ’ , Zk), each of 
which is nonvanishing in D, converges uniformly in D, then the limit 
function f(zi, • * • , 2*) is either nonvanishing or identically zero. 

This theorem is known for /i: = 1. Hence for A* — 2 if we suppose 
that f{ziy Z 2 ) = 0 at say the origin, then we first obtain /(zi, 0) = 0 
for all Zi, and then for each zj, we obtain /(zj, Z 2 ) = 0 for all Z 2 . A 
similar argument applies for any Jc. 

On the basis of Theorem 7 and 8 we will have 
Theorem 9. If a sequence of transformations 

S^: Wi = fj”'\zi, • • * , Zfc), J = 1, • * • , ^ 

in a domain D is such that each maps D topologically into some 
domain and if in the neighborhood of each point in Z), the sequence 

converges uniformly, then the limit transformation 

S: Wj ^ fj(zi, ' ' ■ ,Zh) 

is either again topological in D; or it is degenerate in the sense that its 
Jacobian vanishes identically. 

Proof. Let be the Jacobian of /8”. Our assumptions imply 
that converges uniformly to ^ in a neighborhood of each point of 
D, and hence by Theorem 8 the latter is either identically zero, which 
is one possibility, or it is nowhere zero, which is the only other possi- 
bility. Now, in the second case S is locally topological, and we still 
have to show that it is topological in the large. This however follows 
from Theorem 3 in Chapter III, for if S were to map two different 
points P, Q into the same point R, then by the latter theorem, for 
some sufficiently large value of n, the transformation S”' would map 
a point P” “near'’ P and a point Q” “near” Q both into the same point 
P", contradicting the assumption that is a homeomorphism on D. 
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§1. THE WEIERSTRASS PREPARATION THEOREM 

P{w) = 


is an analytic function of the complex variable in a neighborhood 
of the origin, if P(0) = 0 but P{w) ^ 0 so that there exists an index 
5 > 0 for which Pn = 0 forn = 0, 1, • • • , s - 1 but P, 5 *^ 0, then 
we know that for every function 


B{w) == 

analytic in a neighborhood of the origin, the quotient 


Q{w) 


B{w) - 

P(w) 


exists and is analytic in a neighborhood of the origin. In other words, 
there exists an analytic function Q(w) such that 


Q(w)P(w) — B{w) = — ^nZlBnW^ 

We shall prove an analogue of this for k complex variables. 
Lemma 1. Let 


(1) * ' * , w) = 2:«„oP«(2)w;” 

he analytic in a neighborhood of the origin with 

(2) /^.(O) = 0 for = 0, 1 , - - . , .s - I 

but with P«(0) 7 ^ 0. Por convenience take 

(3) P«(0) = 1 

Then for every function 

(4) B{zi, • • • w) == 

analytic in a neighborhood of the origiti, there exist a function 

(5) Qi^U • • • , W) = 

analytic in a neighborhood of the origin, and a polynomial in w of degree 

s ~ 1, 

(6) B{zi, • • • , Zk^i, w) 
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with 


(7) H„(0) = ^n(O), n = 0, 1, • • , s - 1 

and with Hn(z), n = 0, 1, • • • ,s — 1, analytic in a neighborhood of 
the origiUy such that 


(8) Q{z, w)Piz, w) — B{z, w) = H(z, w) 


The function Q and the polynomiaV^ H are uniquely determined 
(8) together with the requirements that they he analytic in a neighbor^ 
hood of the origin j that H be of degree s — 1 in w and that (7) hold for 
the coefficients of H, 

For later use (in section 2) it is convenient to separate the formal 
part of this lemma from its analytic (that is, convergence) part. For 
this purpose we consider formal power-series as in equation (1) of 
Chapter I. We may write a formal power-series P(zi, • * * , Zk-i, w) 
in the form (1) where the Pn(z) are formal power-series in 2 i, • * * , 
Zk^i. For example, if 


P(Zl, • • ■ , Zk~ly w) = 





.0« 






then the coefficients Pn(z) of (1) would be 









-n, 

•nk-i,n^i 


^k~l 


If we write Pn(z) = 0 we will mean that = 0 forni, • * , 

njfc_i = 0, 1, 2, • • • . We may also write (formally) P«(0) = 0 to 
mean ao...on = 0, or Pa(0) = 1 to mean ao...o« = 1. We shall on 
occasions write a formal series in 2i, • • • , 2 *_i, such as Pn(z), in a 
formal series of the form 


Pni.z') ^^^oPnn(,Z^ 

where the p-nn{z) are homogeneous polynomials in 2 i, • • • , Zk-i of 
degree m- Obviously Pr.(2) ^ 0 is equivalent with Pn^(z) = 0 for 
M 2, • • • , and, since the pn/t are polynomials, the relations 

Pnit(z) — 0 are not only ^^formaL' but also “analytic’' identities. 
With these conventions we proceed to prove the following lemma which 
differs but little from Lemma 1 itself. 

Lemma la. Let (1) he a formal power-^series and let (2) and (3) hold. 
Then for every formal power series (4) there exist a formal power— series 
(5) and a polynomial (6) in w of degree s — 1 with (7) holding and with 
its coefficients Hn(z) formal power-series in Zi, • • - , Zk--u such that (8) 
holds. 
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The series Q and the polynomial H are 'uniquely determined {as 
formal power-series) hy (8) together with the requirements that H be of 
degree s — \ in w and that (7) hold. 

Proof of Lemma la. If (8) is to hold we must have 

(9) — Bm{z) =0 for yn > s 

Furthermore, if we can show that there exists a unique series (5) such 
that (9) holds then we will have our desired conclusion. For we may 
use (8) to define H uniquely and clearly // will be of the recjuired form. 
Thus our proof of Lemma la is reduced to deterrnininK (uniqu<dy) a 
formal series (5) for which (9) holds. 

If we write 

( 10 ) JPm{z) = '^n^QPfnn{z) j Qm{z) ^ ^ 

Bm{z) 

where pmn, qmn and are homogeneous polynomials of <lcgr<‘<' n in 
Zi, ' ' ' f then (9) is equivalent with 

(11) ^fimmQ'^VwmQqiiy{z^P7n—n,n~v{z) b„^n{z) 0 I OT 

m > .V, // * 0 

By (2) and (3) and the fact that />„«(.:) is constant for cacli a 0, 

1 2 • • * 

(12) p»o(2) ^ 0 for m = 0, 1, ■ • • . s - 1; ;).„(*) 1 

so that 


(13) 






i } 


We understand that the sum is (o he replaced l)y z<to if ^ 

and similarily for when m s. 'I'hus (11) becomes 


( 14 ) Qfn—t.niz) SS htnn{z) ^ . n r ( -^ ) 

I 

— 7 ^nO 

form > s, n > 0. On rephi<*ing rn by w f s, (1-1 i becomes 

( 15 ) qmn{z) ^ bm+*,n{Z) “ 2 /' I ^ ^ I 

form > 0, > 0. In particular, if m n O. ( l r» i \ add 

( 16 ) 


<7oo(z) m b^o(z) 
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We shall now show that the can be defined from (15) by recur- 
sion. For this purpose we introduce the index 

(17) girnyU) = m + (s -f- l)n 

Now for all qp,, occurring on the right-hand side of (15) we see that 
v) is greatest when either g. — m Sj v = n — 1, or when /x = 
m- — 1, p = n, and therefore 

S'Cm, v ) < max [m -f- 5 -h (s + l)(n — 1), m — 1 -f (s l)7i] 

= m -j- (s -f- l)r^ — 1 = girrif n) — 1 

Hence for all occurring on the right-hand side of (15), ^(/x, v) < 
girrif n). Therefore relation (15) suffices to define the qmn(z) uniquely 
in terms of those qf^t,(z) for which g(/Xy v) < g{m, n). 

This concludes the proof of Lemma la. For the proof of Lemma 1 
we have to show that the function Qiz, w) defined with these Q'^s (by 
means of (10) and (5)) is analytic in a neighborhood of the origin 
whenever P and B have this property. The analyticity of H in a 
neighborhood of the origin will follow from (8). 

From the analyticity of P(z, w) and B(Zf w) we know that there 
exist positive numbers Af , p, <r such that 


P»(2)l < 


Bmiz)\ < 


M 




for 


m 


0 , 1 , 2 , 


and for \zi\ < p, 



< p, and hence 


I , .1 A/ , , Af 

\Vmn\Z)\ <i Pnin(2)| <! — ^ for 771, = 0, 1, 2, * ' * J 

^l| < P, • • • , \zk-i\ < P 

Since by a linear transformation on w we can send the circle |z 4 j| < <r 

into the circle |?x;| ■< 1, it involves no loss in generality to assume 
<T = 1, or 

(18) |pwn( 2 )| < Mj l^>mn( 2 )l < AT, m, n = 0, 1, 2, • ' • 
for 2 Ji, - * • , 2 fc_i in the multi-cylinder Ap, 

(19) Ap. < p, ‘ ‘ 1| < p 

We propose to prove the existence of quantities K, C and c such that 

(20) l5'mn(2)l < KC^c^j m, n = 0, 1, 2, • • • ; z in Ap 

First take K > 1,0^ l,c> 1 and sufficiently large so that 

l^ool < KC^c^ 
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Clearly this can be done. We shall then prove (20) by induction on 
the index n) defined in (17). For an arbitrary mo, no with 

g{mo, no) > 0 we assume (20) to be true for every for which v) 
< gi'mo, no), and we shall then prove (20) for each qmn. for whifch 
g{m, n) = girrioj no). For any such q^n we have by (15), (18) and 
our induction assumption 

1 ?™»( 2 )| < M + + MXZZiKC^c" 

< Af 4- MK + MKc^ 

C — 1 c — 1 C — 1 


for z in Ap. Our task is to choose C and c (with C > 1, c > 1) so 
that this latter expression does not exceed KC^c^, or what is the same, 
so that 


( 21 ) 


* 4 — — — — - 4 - — 1 

KC-c" (C - l)(c - 1) C - 1 ” 


If we take C > 3Af -f 1, c > + 1, it is clear that (21) is satisfied. 

This completes our induction proof, and hence (20) holds for m, n = 
0, 1, 2, • • • , and z in A p. Ihit this means that the series 

Q(2, W) = 

converges absolutely and uniformly for (z, w) in any (fiosed s(*t interior 
to [|zil < p/c, • * ■ , l-z/t-il < p/c, |tel < <rl and Ihuhh' Q is analytit* in 
a neighborhood of the origin. This concludes the proof of Lcuuina 1. 
We use these results for the special case 

(22) B{z, %v) S 'Ilf 

Then by Lemma la w <5 know that there exist a formal H<*ri(‘H Qiz, iv) 
inzi, ' • ' , z&_i, and formal series //o(z), • • • , //« i(z)in 2 i, • • * , 
Zft-i with Hi{0) = 0 for whicli 

Q{z, w)P(z, w) ^ iv" //« . i(z)u''' “' -\ -f lIo{z) 

the series Q and //o, • * * , being unicpufiy <leterinined. Furtiier- 
more, since ^oo == I (= fi-o) («cc (!(>) and (22)), we hav(‘ 0) - 1. 

Nowit is easily seen (and will als(» h<‘ shown muir the l><‘ginning of th<‘ 
next section) that any formal pow(‘r-seri(‘s whos<‘ constant humi is 
nonvanishing has a (uni<iu(‘) rc'ciprocal with a non vanishing constant 
term. Thus 

1 

- - V" S2(z, XV) 

Q{z, XV) 

where is a formal pow(‘r-s<‘ri(‘s in Zi, • • • , Zk i, »/’ with U{(), 0) 0. 
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This yields the Weierstrass preparation theorem for formal power- 
series. Also by Lemma 1, if P is analytic in a neighborhood of the 
origin, then so are Q, 12 and the P^s. This then yields the customary 
(analytic) formulation of the preparation theorem. 

Theorem 1 . (The Weierstrass preparation theorem,) Let P(ziy 

* * • , Zje—iy w) be analytic in a neighborhood of the originy with 

(23) ^(0, • • * , 0, 0) = 0, P(0, * • * y 0, w) ^ 0 

Then there exist a neighborhood U of the origin and a function 12(zi, 

* • • , z^—xy w) which is analytic and nonvanishing in U such that 
throughout U, P can be expressed in the form 

(24) P(zy w) = (w^ + H,-x(z)w^-->^ + . . . + Ho(z))Q(Zy w) 

where the H's are analytic in a neighborhood of Zi = • • • = Zk-i — 0 
and 

(25) ^j(0, • • • , 0) = 0 i = 0, 1, ♦ • • a — 1 

If the integer s is taken to be the order of the zero of P(0, • • • y 0, w) 
at w — Oy then the functions 12, Po, • * * , Ha—x a/re uniquely determined. 

We may now also formulate the theorem for formal power-series. 
It is, however, more convenient to delay the formulation until the 
next section where it will be given as Theorem 2. 

W^e will conclude this section with an alternative proof of the 
preparation theorem. This proof will be based on analytic consider- 
ations and will be independent of the one just given. 

Proof of Theorem 1 (from analytic considerations). Since P(Zy w) 
is analytic in a neighborhood of the origin and since P(0, w) ^ 0, 
it follows that there are an € > 0 and a o- > 0 such that P(Zy w) is 
analytic for \zx\ < <r, • • • , \zk\ < cr, |ty| < e and such that |P(0, w)\ > 

ot > 0 for |w;| = e. Moreover, P(0, w) is expressible as a (convergent) 
power-series of the form 

( 26 ) P(^) '^) ~ P sW* -[- ^ ^ ^ 

where s > 0 and P, 0. Now there is a subneighborhood Ap \ \zx\ < 
P, • ■ ‘ , |2fc_i| < p with p < <r, such that in it 

\P(z, w) P(0, It;) I < ot for jiuj = c 

But Rouohe’s theorem states that if Fi(w) and F^(w) are analytic in 
1®! < e and if fiCu))! < iFaCw)! for lio] = «, then Fi(w) + F^^w) has 
the same number of zeros in |uj 1 < e as ^ 2 ( 10 ). Putting Fi(,w) = 



§ 1 ] 


WEIERSTRASS PREPARATION THEOREM 


189 


P{z, w) P(0, w) (for any fixed z in the neighborhood ^p), and 

P(Pj it follows that the function P(z, w\ as a function of 
w, has 5 zeros for |t^| < e, z in Ap. 

Let us take a fixed (zj, ■ * • , in the neighborhood Ap and 

let the values of for which P(z^, w) = 0 be 

‘ , w,(z^) 

Now as is well known, if p(w) and <p(w) are analytic functions of a 
complex variable w in w\ < e and if p has s zeros • • • , w;, in 
\w\ < € and none on \w = c, then 

1 ^ / \ , 

2Tri ^(^i) -!-•••+ <p{Wm) 

Specializing <p{w) as we obtain for our function P(z“, w) the 
relation 


wl{z^) + . . . + w^,{z^) = 


— f, , 

27ri P(z®, w) 


dw 


where P«,(z°, w) — 5P(z°, w)/dw. But the integrand is analytic in 
(z°, w) for lz4;| = €, z^ in Ap since P(z^ w) 0 for |ii;l = e, and conse- 
quently [wl{z) is analytic in (zi, • • • , z^_^) in Ap. 

Since the elementary symmetric functions are polynomials in the 
sums of powers we obtain the result that 


(27) [w — t^i(z)] • • • [ly — t 4 J,(z)] 

can be written in the form 


w* + //,_i(z)t4;* 1 - -j_ Hq{z) = 7 r(z, w) 

where the //'s are analytic in Ap. Since P(0, w) has an s-fold zero 
at = 0 (see (26)), each Hp(z)j p = 0, 1, • • • , s — 1, vanishes 
at Zi = • • • = Zk-i = 0. 

Clearly the function Q.{z, w) defined by 


fi(z, w) 


P{z, w) 

7r(z, w) 


does not vanish at the origin. The uniqueness properties of ir and 
Q are also clearly verified. It remains to show that Q, is analytic in a 
neighborhood of the origin. Now for fixed z® in Ap, the function 


fi(z”, w) 


P(z^, w) 

Tr(z^f w) 
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is analytic in -u? in a neighborhood of = 0. We must show that 

for in \w\ < e, the function w^) is analytic in z in a neighbor- 

hood of the origin in the z-space. First we have 

( 28 ) n(z, W‘) = A 

2Trz ^ 

On the contour, 7 r(z, 0 for z in a neighborhood of the origin, 

and hence Q(z, is analytic in (zi, * * • , Zk-i, i*)- Consequently 

0 (z, w°) is analytic in (zi, * • • , Zk-i) in a neighborhood of the origin. 

Hence by Hartog’s theorem (Theorem 4, Chapter VII) it follows that 
^ 2 (z, w) is analytic in (zi, * * * , Zk-i, w) in a neighborhood of the 
origin. This completes the (analytic) proof of Theorem 1 . 

§2. Distinguished Polynomials 

In section 1 of Chapter I we saw that the totality of power-series 
in k variables Zij • ' • , Zk forms a (commutative) ring, multiplication 
being defined purely formally without regard to convergence. We 
shall call this ring Ik. 

HP is an element of then we can write it as 

(29) -f- • • • 

where p,- is a homogeneous polynomial of degree j in Zi, • • • , z*. 
If pn is the first p not identically zero, we say that n is the degree of the 
element. Thus for example, an element of degree zero is one with a 
nonvanishing constant term, and an element of degree greater than 
zero is one with a vanishing constant term. 

Now in section 1 of Chapter I we saw that the ring Ik has no null- 
divisors, that is P ' Q = 0 for P and Q elements of means that 
either P = 0 or Q = 0 (or both). It is quite easy to see that has 
units j a unit being defined as an element P of which has an inverse 
Q under multiplication, P ' Q = 1 . In fact, the set of units is identicol 
with the set of all elements of Ik of degree zero. To see this we first note 
that if P is a unit, then on writing it in the form (29) and its inverse 

Q in the form Q = -grQ_|_g^_|_g, 2 -|- * • * we have by definition of 
multiplication in Ik 

(2^) Po5'o = 1, = 0, m = 1, 2, • - • 

Thus in particular we see that po ^ 0 and hence P is of degree zero. 
Conversely, let P be any element of of degree zero. Write P in 
the form (29) where po 5 *^ 0 . Then by recursion we may determine 
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a unique element Q — go + gi + • • • such that P • Q ~ 1; we do 
this by means of the relations (30). Thus P is a unit. 

Since our ring has units and no null-divisors it is in fact a domain 
of integrity. We will use this fact later. 

Lemma 2. If P is an element of degree s > 1 , there exists a non- 
singular linear transformation such that in the transform P' there is a 
term of the form czf where c is a nonzero constant. 

Remark. W^hen this is the case, and no lower power of occurs 

with a constant coefficient, we say that P' is regular with respect to 
with degree s. 

Proof of Lemma 2. We have 


P == ??. + Ps+l -[-••• 


Let 


^aO>ti . . . 

■ • K' 

and put 

= 2^165.2;, 

/l = 1, • 

’ ' , k 

In p' the coefficient of will be 



(31) 


• • • 



Since p»(zi, • • • , 2 :*) ^ 0 this means that p,(6l, • • - , ^ 0 and 

hence there must exist values of 6}, • • • , (of which some will 
necessarily differ from zero) such that the term (31) will be nonvanish- 
ing. With these values of 6}, • • • , we can obviously choose 

f Ic, h — 2 , • • • k) such that the determinant of the 
b’s is different from zero, and we shall then have a nonsingular linear 
transformation which makes P' regular with respect to with 
degree s. 

Lemma la can be restated as follows. If P is regular with respect 
to Zk with degree s > 1 , and if B is any element of Ik, then there exist 
two elements Q and H such that 

QP == B + H 

where 

H = A -jr • • • A' At 
and where the A^b are elements of /*_i. 

The Weierstrass preparation theorem can be stated formally as 
follows. 

Theorem 2. If P is an element of Ik which is regular with respect to 
Zk with degree s > 1, then 

(32) P ~ ( 2 ;^ -j- + • ■ • -f- A,)Ju5 
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where the A's are elements of Ik-i ecbch of degree greater than zero^ and 
12 is an element of Ik of degree zero. 

The elements 12 and Ai^ • * • , Jl, are uniquely determined. 
Definition of equivalence in Ik- If P and Q are any two elements of 
/fc so related that P = QP, where P is a unit, then we say that P and 
Q are equivalent. 

Definition of a distinguished 'polynomial. If rr is an element of /* 
which can be written in the form 

(33) -doz* -f- 4“ * * * + Aa 

where the .4's are elements of Ik-i, we say that tt belongs to 
that is, the ring of polynomials with coefficients in Ik-i- The element 
TT is called distinguished in Ik-\[Z]^ if = 1, and if each Aj, j = 1, 
• • * , s, is of degree greater than zero. 

We may thus restate Theorem 2 (the Weierstrass preparation 
theorem) in the following form. 

Corollary 1. Every element P of Ik which is regular with respect to 
Zk is equivalent to a distinguished polynomial in Ik—i[zk\ of the same 
degree. 

We now state and prove the following lemma, mainly for purposes 
of reference. 

Lemma 3. If P = Q • R, where P, Q and R are elements of Ik, and 
if P is regular with respect to Zj then either 

a) one of the elements Q or R is a unit and the other is regular with 
respect to zy, or 

b) both Q and R are regular with respect to Zj. 

Proof. By definition, an element T = U + • • • (s > 1) 

is regular with respect to z, if and only if 

(34) t,(0, • ■ • , 0, zy, 0, • • • , 0) ^ 0 

Now denote by a, ^9, y the degrees of P, Q, and R respectively. Then 
clearly o: = /S + 7 , a > 0 , > 0 , t ^ 0 . Write 

P = 4 - Pa+i + ‘ , Q — qp -¥ qp+i 4- ' • • , 

P = 4- r-y+i 4- ' • * 

If either ^ or 7 is zero, say /? = 0, then Q is a unit and y — oc and in 
this case p^ = ^ 0 ) and since pct has the property ( 34 ) it 

follows that Ta does also and thus ra is regular with respect to zy. If, 
on the other hand, ^y 5 *^ 0 , the pa = q^r^ and we see that both qp 
and must have the property (34). This yields the lemma. 
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Definition of reducibility. If P — Q • R, where P, Q and R are 
elements of and neither Q nor P is a unit, we say that P is reducible 
in Ik- If no such relation exists P is called irreducible in /*• 

Lemma 4 . If P is distinguished in and is reducible in Iki 

it is reducible in 

Proof. Let P ^ Q ‘ R where Q and R are nonunit elements of Ik. 
Since P is regular with respect to Zk it follows from Lemma 3 that 
Q and R are both regular with respect to Zkj and hence by Corollary 1 
each is equivalent to a distinguished polynomial in Ik-i\z}^. Let 
Q = q ' E', R ^ r ' E" where the small letters denote distinguished 
elements of Ik~i[zk] and the P’s denote units in /*. Then we have 
P = q ' r - E*. But clearly g * r is also distinguished, and since the 
preparation theorem ensures uniqueness in the representation as the 
product of a distinguished polynomial and a unit, we deduce that 
^* = 1 and P — q ‘ r. Thus we have shown that P is reducible in 
Ik^Azkl 

Theorem 3 . Any element P of Ik is uniquely decomposable into 
irreducible factors, to within equivalence. 

Proof. The proof is inductive; we assume that the theorem is 
valid in 7 ,_i for some j in the range 1, • • • , /c, and show that it 
follows for Since it is trivially true in Jo (the underlying field in 
which every element 5*^ 0 is a unit) it will follow for Ik. 

Consider any element P of J,-. If P is of degree zero it is a unit 
and hence already decomposed to within equivalence. Hence let 
P be of degree greater than zero. Factorization is manifestly left 
invariant by nonsingular linear transformations. Accordingly we 
may assume without loss in generality that P is regular with respect 
to Zj (see Lemma 2). Now by Corollary 1, P is equivalent to a dis- 
tinguished polynomial, /, in /y_i[2:,]. 

But there is a theorem in algebra (see for example reference 8 on 
page 203 ) which asserts that if P is a domain of integrity admitting 
unique decomposition, then P[z] has the same property. Now by 
this and our induction assumption we see that / is uniquely decom- 
posible into irreducible elements of /,_i[zy]. But Lemma 4 showed 
that any decomposition of / in /y gave factors equivalent to elements 
of /y_i[2:y]. Hence two decompositions of / must give the same set 
of equivalent polynomial factors and hence must be equivalent 
decompositions. This completes the induction and yields the theorem. 

For the remainder of this section we will be dealing with convergent 
series, that is, with elements of Ik or Ik—\[zi^ which are analytic in a 
neighborhood of the origin = * * * = z* = 0. 
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Theorem 4. If fi and f-i are elements of Ik-i[zk], each analytic in a 
neighborhood of the origin^ if /a is distinguished and irreducible^ and if fi 
vanishes for every set of values for which /a doeSy then /a is a factor of /%. 

Proof. We use the fact that if/ and g are elements of Ik~i[zk] with 
no common factor, then there exists a linear combination of them with 
coefficients in Ik~i[z]^ which lies entirely in Ik-~\ and which is not 
(identically) zero. This follows at once from the Euclidean algorithm 
which can be shown to hold in Ik-i[zj^. 

Suppose /a is not a factor of /i; since /a is irreducible this means 
that /i and /a have no common factor and hence there exist elements 
Xi, Xa of Ik-\[z]^ such that 

(35) Xi/i -f" X 2/2 = P 

where P is a nonzero element of Ik-i- Now by hypothesis, fx is zero 
whenever /a is. But since /a is distinguished, and analytic in some 
neighborhood N of the origin, we know that for any set of values 
(rij ‘ ‘ > Tjfc-i) in a sufficiently small neighborhood of = - - • = 

Zk—\ = 0, there must exist a with (^i, * ’ * , Ta) in iV, for which 
/a = 0. Thus the element P of (35) is zero throughout N' and hence 
P is the zero element which is a contradiction. Hence /a must be a 
factor of fx. 

Corollary 2. If f and g are elements of Ik, each analytic in a neigh- 
borhood of the origin, if g is irreducible and if f vanishes wherever g does, 
then g is a factor of f. 

Proof. Obviously we may assume that / and g are not units. By 
Lemma 2 we may make a nonsingular linear transformation such 
that the transform f'g' of the product fg is regular with respect to 
Zk- Then by Lemma 3 both /' and g' are regular with respect to 
and hence by Corollary 1 each is equivalent to a distinguished poly- 
nomial in Ik-i[zj^. Theorem 4 then applies to yield the corollary. 

Corollary 3. If f and g are elements of Ik, each analytic in a neigh- 
borhood of the origin, and if f vanishes wherever g does, then every irre- 
ducible factor of g is a factor of f. 

§3. Characteristic Manifolds 

Let /(^, Z 2 , ‘ , Zk) be an analytic function, not identically zero, 

which is irreducible, and equal to zero at a given point which for the 
sake of simplicity we take to be the origin. Suppose further that 
f(jw, 0, j 0) ^ 0. (By Lemma 2 this can always be brought 

about by a nonsingular linear transformation.) Then by the prepa- 
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ration theoreni, Xlieoreni 1 , there are a neighborhood 

( 36 ) U: Itol < di, la, I < d,-, j = 2 , S, ■■■, k 

and a function f 2 (xy, z) analytic and nonvanishing in U such that 
/ = xfi throughout U, where z) is a distinguished polynomial 

7 r(w, z) = w* Ci(z)w*‘~^ -j- . . . C*(z) 

The coefficients Ci, • • • , C, are analytic functions of Z2, • * * , Zk for 
h?! < dy, j = 2 , • • • , /c, and each vanishes at Z2 === • • • == Zk = 0 . 

We shall be concerned with the manifold defined by / = 0 . Since 
Q ^ 0 throughout C/, it follows that throughout U the manifold / = 0 
is identical with that defined by x = 0 , which we now proceed to 
investigate. 

The discriminant Diz2y * * • , 2*) of the function Tr(w, z) viewed 
as a polynomial in it?, is a polynomial in the coefficients Cv(22, * • * , 
Zk) and hence is analytic in the projection Z of t/ on the (z^, * * * , 
zjfc) -space, 

Z: \zj\ < di, j = 2 , • ■ • , A; 

If the degree s of z) as polynomial in w is unity, then D{z2, * * * , 
Zk) = 1 ; if on the other hand s > 1 , then D vanishes at the origin. 
But since by assumption, 22, • • * , Zk) is irreducible it follows 
that X is irreducible. By a general theorem, which applies to our 
situation, the discriminant vanishes (identically, that is) if and only 
if the polynomial has two equal irreducible factors. Hence D ^ 0 . 

Let 2°: (zj, • • • , 2^) be a point of Z distinct from the origin at 
which D(22, • • • , za) 5*^ 0 . At each point 2 in a sufficiently small 
neighborhood of 2° there will be s distinct roots of x = 0 which we 
denote by 

( 37 ) Wi = <Pi(z), • - • , ly. = tp^(z) 

Corresponding to these we shall have s distinct points of U: Pi, 
• • • , P«, all possessing the same projection 2, and such that X vanishes 

at each of them. 

The fundamental existence theorem for implicit functions tells 
us that the roots as functions of 22, • • ’ , z& are differentiable up to 
the same order as the original implicit function; hence in our case 
they are analytic functions of 22, * • • , Zk within some polycylindcr 
P(2°, r) about z^. 

Now denote by N the set of points (22, • • ■ , z*) in -Z at which 
Z)(22, • ‘ , 2fc) 0 . We shall show that N is connected and that 
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each of the s functions .<pi, • • • , of (37) can be analytically con- 
tinued along a suitable closed path into each of the others. First we 
show that N is connected. For this purpose we prove the following 
lemma. 

Lemma 6. If f(w, z) is a distinguished polynomial in Ik-i[w]y 
whether irreducible or notf then the set V consisting of those points of U 
at which f{Wy 22 , * * * , Sfc) 5 ^ 0 is a connected set. 

Proof. In any two-dimensional plane 

(38) jiul < 00 , Z 2 = a 2 , ' ‘ ’ y Zk = ajc 

with (a 2 , ■ • * , ttfc) a fixed point of Z, there are only a finite number 
of points of U at which f{Wy z) — 0. Denote by p{a) the portion of 
the plane (38) lying in U, that is, the portion for which \w\ < di. 
Obviously, p(a) is connected, and since p{z) has only a finite num- 
ber of points in U — Vy it follows that the intersection p{a) • V is 
connected. 

Now suppose that V were not connected. Then there would exist 
two sets Vx and V 2 such that Fi 4- V 2 = V and such that no limit 
point of Fi lies in F 2 and vice versa. Since p(a) • V is connected 
it must be entirely either in Fi or in V 2 . Thus the points of Z can 
be divided into two classes Zi and Z 2 , the set Z,- (j = 1, 2) consisting 
of those points (a 2 , • * * , o*) of Z for which the intersection p(a) * V 
lies in Vj. 

But Z is a connected set; and hence there exists a sequence of 
points = {aj, * * •,«*}, = {a|, • • • , a\]y • • • of Zi having 

a limit point a in Z 2 . In each of the planes p(a0> ' ' ‘ there 

are only a finite number of points of U at which /(ly, z) = 0, i.e. only 
a finite number of points of U — V. Hence the projections of all 
such points of all the planes p(a^), p(a^), • • * upon the plane p(a) 
give a countable set. Let P be a point of p{a) not belonging to this 
countable set, and let Pi, P 2 , * • * be its projections on p(a'), p{a^), 
* • • . Then Pi, P 2 , * * * belong to Fi but their limit point P belongs 
to F 2 , which furnishes a contradiction to the supposition that V is not 
connected. This demonstrates connectedness in the weakest topo- 
logical sense. 

To demonstrate arcwise connectedness, we have only to remark 
that from the continuity of /(to, z) there exists, about every point of 
U at which / 0, a spherical or multi-cylindrical neighborhood in 

which / 5 *^ 0, so that F is locally connected. It is a known result in 
topology that these two properties together give arcwise connectedness. 

This yields Lemma 5. 
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Lemma 5 tells us that if we have a function / which is analytic 
in a neighborhood of a point, which vanishes at the point, and which 
is irreducible, then there exists a subneighborhood U of the point 
such that in U the set defined by / 0 is a connected set. We want 

to apply this to the discriminant D{z2y * • • , 2*) of the distinguished 
polynomial z), in a neighborhood of the origin. If the degree s 
of TT is unity, then as we have noted D{z) = 1 and obviously the set 
D(z) 0 is a. connected set. If, on the other hand, s > 1, then as 
we have also noted, D{z) vanishes at the origin. A linear trans- 
formation will carry D(z) into the product of a distinguished poly- 
nomial in Ik-2(zk) with a nonvanishing factor, and Lemma 5 will imply 
that the set N (in the place of the set V of the lemma) is a connected 
one. 

Since the set N defined by D{z2, • • • , 2*) 0 is a connected 

set we may consider for any point of N all closed paths in N begin- 
ning and terminating with 2®. Further, consider the totality of 
functional elements which arise at z^ by continuing <pi, ' ’ ‘ j <p, 
around these closed paths any number of times. They must be 
identical with <pl, ’ * ' , ¥>« in some order, for they will continue to 
satisfy the equation tt^w, z) = 0 . As we remarked earlier, we shall 
show that any one of them, say <pi, will give rise to all the others. If 
this were not so, we should have <pi giving rise only to <pi, • • • , (pmy 
m < s, on being continued in every possible way and returning to 2®. 
Then the set ipi, ■ ‘ ^ tpm would permute among themselves on 

further continuation; it would not be possible for two elements, say 
<p\ and (pfj, to give rise to the same element <py, since at all points of the 
closed paths D{z) 7^ 0 . Hence the symmetric functions 

Bxiz) — <Pl + ■ ' ' <P7n, 

Bziz) = <Pl<p2 -4“ ■ * ' "b 

Bm(z) — <Pl<p2 ' ' ' fpm 

would be unchanged under such continuations, and likewise therefore 
the polynomial 

Q{Wj z) — — Bx{z)w^~^ _j_ . . . _j_ (^ — X)-^Bm{z) 

Now each jBm(22, * • • , 2^), m = L • • ‘ 7 single-valued and 

analytic in N , that is, throughout the domain Z except on the set where 
D{z2, • * • , 2fc) = 0 . And even when D = 0 , the <^’s and hence the 
J 5 ’s are defined, and bounded in every interior subdomain. Hence 
by Theorem 5, Chapter VIII each B^, is analytic throughout Z, that 
is, even when D(z) == 0 . Hence the distinguished polynomial 
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Q{w, z) is analytic throughout the domain (36). Also it vanishes 
at each point at which tv does, and hence by Theorem 4, tt is a factor 
of Q, which means that m > s. Thus if fiw, z) is irreducible we have 
m = s and each of the functions <pi^ ’ • • , tp, goes into all the others 
after analytic continuation along closed paths in A. 

We now define the characteristic manifold of fiwy z). The mani- 
fold M defined by 

f{w, Z 2 , * • • , Zk) = 0, D{Z 2 , • • • , 2 *) 5*^ 0 

possesses the property that at each of its points it is possible to express 
one of the variables (namely w) as an analytic function of the others. 
In general this will not be true of the points for which D{z) =0; but 
if there are points of / = 0, Z) = 0 with this property, we will denote 
them collectively by M'. We define the totality of points M + M' 
as the characteristic manifold of / = 0. 

§4. A Remark on Algebraic Functions 

We will now point out what from our approach is a very simple 
if not trivial remark but which appears in older literature as part of 
a statement on ^'Abelian functions.’’ 

We first observe that the preceding sections of this chapter include 
all algebraic prerequisites which were referred to in the previous 
chapter on removable singularities and that therefore we may con- 
versely apply the results of Chapter VIII. Take a domain D in 
{zif • • • , 2 Aj)-space, or better yet, an arbitrary complex space S in 
k complex variables. A point set E iri S will now be termed “excep- 
tional” if corresponding to any point P \n S there exist a coordinate 
neighborhood A of P in and an analytic function ip{zi, • • • , z*) 
in N such that the points EN are all included among the points z 
for which <^ = 0. Hy the argument of section 3, *S' — E is again a 
(connected) space. Now we assume that for a fixed integer r, corre- 
sponding to any point P in aS — E, there exist r functional elements 

(39) /f(0, • • • ,fAz) 

such that each element of each point can be obtained from any other 
element at any other point by analytic continuation along a suitable 
path in S — E. More precisely, we assume that there exist an 
r-sheeted covering space T over S — E (without “singularities” or 
“relative boundary points”) and an analytic function on T for which 
(39) are r different functional elements on r points of T having the 
same projection onto S — E. As in section 3 it follows that these 



§51 


RATIONAL AND ALGEBRAIC FUNCTIONS 


199 


functionals are solutions of an irreducible equation 

( 40 ) ^ -\r +•**■+ Ariz) = 0 

where the Ap(z) are symmetric functions of (39) and analytic in S — E. 

Now comes the crucial assumption. We assume that all functional 
elements have a common bound. Indeed, if S is not a compact set, 
it suffices to make the following assumption. Gorresponding to any 
point Q in S, there exists a neighborhood N of Q such that in the parts 
of T projecting onto {S — E)N the absolute value of our function 
z) has a bound. By Theorem 5 of Chapter VIII it now follows 
that the Af,{z) are analytic in - V and thus in S. In other words, 
if a function f is r-valued and hounded on S — E, it is an algebraic 
function on all of S. 


§6. RATIONAL AND ALGEBRAIC FUNCTIONS ON PRODUCTS 

OF Domains 

An analytic function /(i', • • • , in a domain D of real or 
complex variables t = (t', • • • , is called rational if there exist 
polynomials P{t), Q(t) such that 


( 41 ) 


-b Q(t) - 0 


We do not require that P(t) shall be 5 ^ 0 throughout and thus we 

P(.t) 

as a quotient of two 


cannot insist on writing f(t) in the form 


Qit) 


polynomials. If relation (41) holds in some subdomain Do of D then 
by analytic continuation it extends to all of D. It is obvious that 
sums and products of rational functions are again rational, and if 
analytic functions /i( 0 , • • • , /n (0 satisfy a relation 


ri{t)fi(t) -1- - • • + rn(0/n(0 = 0 

with rational coefficients r^{t) then they also satisfy such a relation 
with polynomial coefficients. 

The theorem to follow will be based on the following lemma. 
Lemma 6. If A is a domain in z-space, and B a domain in w-space, 
if Fi{z, w), • * * , F n{Z} w) are analytic functions in the product domain 
A 'K not all ^ 0, if every Fn{zj w) is a rational function in w for 
every point z in A, and if they satisfy a relation 

(42) Ci(w)Fi{z, u;) H- • • ■ + cn{w)Fn{z, w) ^ 0 

with arbitrary {not necessarily analytic) functions Cn{w) for which 

(43) |c,(u))l^ + • - • + lcN(it))|" > 0 
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then there exist 'polynomials C\{w)y • * * , Cn^w)^ not all = 0 , such that 

(44) Ci{w)Fi(Zj + * * • + Cn('iv)Fn(z, w) ^ 0 

Proof. We write relation (42) for iV values zi, • • • , Zn, thus 
obtaining a system of N linear homogenous equations in the quantities 
Cn(y>)- Because of (43), the determinant 

Fi(zif w) • ' • Fn(zi, w) 

D{Zj 'w) == 

Fi(zk, w) ' ' ' Fif{zNy w) 

must vanish identically in w e B; Zi B A, Z 2 ^ Ay • • • y Zn B A, We 
now replace the letter z^ by 2 , and we develop the determinant in 
terms of its last row. This leads to a relation 

(45) S^_iCn(«i, • * • , w)Fn{Zy w) ^ 0 
in which the functions 

(46) Cn(zi, * * ’ , w) 

are, but for ± signs, the (N — l)-dimensional determinants of the 
matrix 

Fi{ziy 'w) ' • ' FN{ziy w) 


Fi{ZN-iy lu) • * * Fjv(2jsr_i, w) 

We now assume first that not all functions (46) vanish identically in 
all variables. Hence there exist numerical values 21 = ai, * • • , 
Zn—x = On-u such that the functions 

(47) Cn{w) s C„(ai, * * • , w) 

do not all vanish identically in Wy and for such numerical values (45) 
reduces to (44), since the functions Cn{w), being rational combinations 
of the functions Fm(ciny w)y are rational functions in w by the hypothesis 
of our lemma. 

If however all functions (46) vanish identically there exists a 
principal minor 

F^X^ay,W) • • Fcc„(Za„ 'iv) 

A = 

Fay{Za„y W) ‘ ‘ ‘ Fct^(Za„, w) 

of the determinant D which vanishes identically but which has at least 
one subdeterminant of order (m — 1) which does not vanish iden- 
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tically. By the result just proved there exists a relation 

w) ^0 

and by inserting vanishing coefficients Cn(w) we obtain relation (42). 
We can now proceed to our theorem. 

Theorem 6. If A and B are domains in two sets of variables z = 
(«', • • * , w = iw', • • • , and if an analytic function 

f(z, w) in the product space A X B is a rational function in z for each 
value w and a rational function in w for each value of z, then f ^z, w) is 
rational in («, w). 

On the surface, this theorem strongly resembles the theorem of 
Hartogs (for complex variables) that analyticity in each variable 
implies analyticity in all variables. However, in substance the 
present theorem is totally different, being preponderantly algebraic 
with only a thin layer of analysis. 

Denoting the sequence of monomials in any 

arrangement, by Pi(z), ^ 2 ( 2 ), • * * we first have, for each w, a relation 

(48) w) + 'K^xby{w)py{z) = 0 

with 

(49,) + SLil > 0 

For the moment we make the admissible normalization: 

( 492 ) 2;_ila,,(iy)|2 + = 1 

Now, let (to.), 5 = 1 , 2, • ■ • , be any sequence of points in B, for 
which relation (48) is available with the same indices (m, n), and let 
the sequence be convergent to a point wo. On account of ( 492 ), there 
exists a sub-sequence { le., ) , for which the limits 

lim,» ^00 U,*(u?«^) linir — ^00 by(u)aj^ ~~ bp 

exist, and because of continuity of f{z, w), relation (48) with those 
limit values will be valid for Wo- In other words, if Bm.n is the set of 
those points in B, for which a relation (48) with the given values 
(m, n) is available, then Bm,n is closed relative to B. Since 
= B, and B is open, some of the sets Bm.n must have an interior Bo. 
Replacing B by Ro, we have now reached the stage of m, n being fixed 
integers independent of w, and this leads directly to an application of 
Lemma 6 . Putting iV = m + n, F^{z, w) = p^iz)f(z, w), m = 1, 

• • • , m, and Fm^v{Zj vI) = pX^), v = 1 , * * * , n, we conclude by the 
lemma that there exist polynomials a^(w), bp{w) for which (48) and 
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(49i) hold, and this is precisely our contention that /( 25 , w) is rational 
in (z, w). 

Lemma 6 admits other conclusions. We call an analytic function 
/(O cilgehraic of degree ;< a if there exist polynomials Po(0» * ‘ ? 
Paif) such that = 0. A function is rational if it is 

algebraic of degree 1, Now, if an analytic function fi^z, is alge- 
braic in z for each it?, then we have a relation 

^M^l^t^Q(^,ir(w)p^(iz)(f(z, W)y = 0 

and for some subdomain B^oi B this relation is available for the same 
(m, s). We now assume that for each a in A, the function f(w) = 

/(a. It?) is also algebraic in w, meaning that it satisfies an equation of 
the form 

(^1) do{w^f^ -|- (7i(it?)/^~^ “h * ' ' -h Cp{w^ = 0 

the coefiS-cients Cp being polynomials in w. We do not inquire into the 
manner in which the integer p or the polynomials Cp(it?) depend upon 
a; also the highest coefficient Co{w), which of course is not identically 
zero, may very well vanish at some points of B. But we remind the 
reader that by our explicit assumption the function /(z, ii?) is analytic 
in A X B. Now, returning to relation (50), we are going to apply our 
lemma to the functions 

W) = Hp,r(Zy W) = Pp(z)(f(z, w)y 

Now it follows from Lemma 6, or rather from the proof of the lemma, 
that there exists a fixed pair of indices (m, s) such that relation (50) 
IS available for coefficients apr(w) each of which is a polynomial in 
terms which arise from (52) by specializing the value z. In other 
words, each apr{w) is a polynomial of terms each of which is an alge- 
braic function in w, and thus each a^riw) itself is an algebraic function 
in -w. The way we have obtained equation (50), the coefficients 
Pm(^) are polynomials in z but the a^riw) are only algebraic functions. 
But, by a known theorem in algebra we may hence obtain another 

relation (50) in which both p^(z) and a^riw) are polynomials in their 
variables. 

However the degree may have to be increased. But, if all /(a, w) 
are rational in w, the degree s need not be altered. Thus we obtain 

the following theorem, the second half of which includes Theorem 5 
for the special value s = 1. 

Theorem 6. If f{z^ w) is algebraic in z for each w and algebraic in w 
for each z then f(z, w) is algebraic in (z, w). If f{Zy w) is algebraic in z 
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for each w, of a degree < s, where s is independent of w, and if f(z, w) is 
rational in w for each z, then f{z,w) is algebraic of degree < sin ( 2 , w). 
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CHAPTER X 


Local Analytic Varieties 

§1. INTRODUCTION. THE BASIS CONDITION 

This chapter is based on a paper by Walther Riickert, Zum 
Eliminationsproblem der Potenzreihenideale, Math. Ann. VoL 107 
(1933), pp. 259-281. The object is to examine the local properties 
of the zeros of a number of analytic functions, and to arrive at a 
parametric representation of an irreducible analytic manifold, which 
had previously been familiar to analysts, by the use of primarily 
algebraic methods. 

We will recall the notation and theorems already given which are 
relevant to the discussion. 

In is the set of all power-series of n complex -variables convergent 
in some preassigned domain about the origin; we know that In forms 
a ring. 

An element of 7« which has the form + ni(2!i, • • • , Zn-i)z'ir^ + 
•••-[- , Zn-i) where ai(zi, * * * , Zn-i) are elements of 

In—i vanishing at the origin is called a distinguished polynomial in Zn. 

An element of /n, which is not identically zero when Zi, • • ■ , Zn-i 
are put equal to zero, is said to be regular in Zn. 

Two elements of In are considered equivalent if one may be obtained 
from the other by multiplication by an element not vanishing at the 
origin. Such an element is a unit of the ring. 

The Weierstrass preparation theorem (Theorem 1, Chapter IX) 
tells us that any element of In which is regular in Zn is equivalent to a 
distinguished polynomial in Zn. 

It was proved in Chapter VIII that factorization in In is unique 
to within equivalence; and also that any element of /„ can be trans- 
formed by a linear transformation into one regular in In- 

We now give the following algebraic theorem concerning /«: 

Theorem 1. In fulfills the basis condition; that is, every ideal in In 
has a finite basis. 

The proof goes by induction; we assume that it is true for In-i- 
Since clearly it holds for 7o, the underlying number field, the proof 
will be complete when the step of the induction is shown. 

If the ideal a contains no element regular in Zn, make a linear 
transformation to give one element Q having this property. Clearly 

204 
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this transformation does not affect the issue. Let be the leading 
term of the distinguished polynomial to which Q is equivalent. Then 
we know that any element of In, and therefore any element P of the 
ideal a is expressible as QF P*, where P* is a polynomial in Zn of 
degree less than r, and with coefficients in In-i. If now we can find 
a basis for all P*’s obtained in this way, this basis with Q added will 
give us a basis for a. 

Considering this set of P*^s, it is easy to see that the set of coeffi- 
cients of in them forms an ideal in /«_i; from the hypothesis of 
the induction this ideal has a basis pi, • • • , px. Take oneP* having 
Pi as leading^ coefficient and call it Pf , and so on. Now we see that 
having Q, P *,•••, P* as a partial basis, any element of a can be 
expressed as the sum of multiples of these plus a polynomial in Zn of 
degree less than r — 1. But again the coefficients, in this residual 
set, of z;-^ form a^ideal in and we get a further addition to the basis 

Proceeding in this way we eventually construct a 
finite basis for the ideal q, since we have a finite number of steps and 
at each step we add a finite number of elements to the basis. Then 
applying the induction successively we obtain the required theorem. 

§2. Analytic Manifolds at a Point 

A.n analytic manifold at the origin is defined to be the common 
zeros, in some domain D containing the origin, of a finite number of 
nonunit elements of In’, we consider D to be the domain in which 
elements must converge to be admitted as elements of In. We have 
a set of functions each vanishing at the origin; each function gives a 
point set of zeros in I), and we take that point set which is common to 
all the functions defining the manifold. 

If /i; • • • , fp are the analytic functions in question, it is clear 
that 2X»/, will also be an analytic function having the manifold con- 
tained in its zeros: that is, any clement of the ideal {fi, • • • , /p} 
constructed on /i, • • • , /p as a basis, will vanish over the manifold. 

But we can consider an ideal connected with this manifold which 
may be larger than this, namely, the set of all elements of In vanishing 
on it; this is an ideal, and it obviously contains the previous one. We 
shall call this the proper ideal of the manifold. 

If ’ o\*‘ is an element of In vanishing over some manifold, 

then pif/a ' ■ ' Qk will also vanish over it, since it has the same zeros 
as the other. In facit if {7i ’ ‘ ‘ (7^* is an element of the proper ideal 
of a manifold, so is ’ Qh. An equivalent statement is that, if 

p is an element of a proper ideal, then / itself also is. It will be seen 
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later that if an ideal has this property, then it must be the proper 
ideal of the manifold it defines. We say that an ideal defines the 
manifold of the common zeros of all its elements. 

A simple example of an ideal which is not the proper ideal of its 
manifold can be given in namely ; the zeros of this are the 
points zi = 0 , and the ideal of this manifold is the ideal {zi}. 

§3. Irreducible Manifolds 

If we have two ideals with bases (/i, • • • , /*), (^i, • • • , ^a), 
then their sum is the ideal with basis (fi, ' - fk, gi, gh). 

The manifold of this ideal is the common zeros of /i, • ■ • , /a, gi, 

• ‘ ‘ , gh, that is the common points of the manifolds of the two 
original ideals. So the manifold of the sum of two ideals is the inter- 
section of their manifolds. If (/i, • • • , /a), (^i, • • • , gn) are the 
proper ideals of their manifolds it does not follow that their sum is the 
proper ideal of the intersection manifold. As an example in /2 we 
can take {zi + zl) and [zi — zl); the sum of these ideals is the ideal 
{zi, zl } . This is not a proper ideal because it contains as an element 
but not 22, whereas the two original ideals were both proper to their 
manifolds. 

If we take two manifolds Mi and M2, and their proper ideals Oi and 
a2, then the intersection of the ideals is the proper ideal of the point 
set sum of ilfi and M2. For if / covers Mi + M2 it covers both Mi 
and M2, and is therefore an element of both proper ideals, Oi, and H2, 
and consequently of their intersection. Equally any element of the 
intersection is an element of each and covers both Mi and M2. 

An analytic manifold is said to be irreducible at the origin if it 
cannot be expressed there as the sum of two analytic manifolds 
neither of which contains the other. An ideal is called prime if, 
irovafg being an element we can deduce that either / or g is an element. 
We now obtain the important theorem: 

Theorem 2 . The necessary and sufficient condition that a manifold 
M be irreducible is that its proper ideal be prime. 

Proof, (a). If M is irreducible, the proper ideal, is prime. 
F or, let p not be prime ; then we find /, g such that fg s py f, g ^ p. 
Then the ideals P if), p (g) are larger ideals than p, and conse- 
quently the manifolds they define are each different from M, and Avill 
in fact be properly contained in it. But their intersection is pre- 
cisely p. For let Pi X/ be an element of the first which is equal to 
Pa 4- ng of the second, where pi and p2 are elements of p. Then 
X/ == p 4- where p s p. Multiplying by pg, 'hpfg = p' 4 - 
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But fg e py therefore {\fMfg — p') also e p and so e p. But p is 
the proper ideal of its manifold, and so since tx^g"^ is an element, fxg 
also is; therefore the original element common to both ideals, (p 2 + txg')y 
is necessarily an element of or their intersection is p. Therefore 
the sum of the manifolds ol p (/) and p + (g), is the manifold of py 
and M has been expressed as the sum of two manifolds, both properly 
contained in it. But this is impossible since we assumed that it was 
irreducible. 

(b). If p is the proper ideal of M and is prime, then M is irre- 
ducible. Suppose M == Ml -h M 2 , where neither contains the other. 
Then, if J^i and pz are their proper ideals, each contains elements not 
contained in the other. Let pi be in jfti and not in j> 2 , and p 2 be in p% 
and not in px. Then pxVt hes in both and therefore in their inter- 
section, but neither pi nor p 2 lies in the intersection. But the inter- 
section is py the proper ideal of the sum of Mi and M 2 , and what has 
been shown contradicts the hypothesis that it is prime. 

This completes the proof that the necessary and sufficient condition 
for M to be irreducible is that its proper ideal be prime. 

We now come to the first main theorem. 

Theorem 3. An analytic manifold at a point can he uniquely decomr- 
posed as the sum of irreducible manifolds. 

This follows from a well-known algebraic theorem concerning rings 
fulfilling the basis condition (see van der Waerden, Moderne AlgehrOy 
Vol. 2, §83). In any ring we can define primary ideals, which are 
generalizations of prime ideals. An ideal is prime if from fg E py 
f^p, we can deduce that g e p. An ideal p is defined as primary if the 
deduction is only that we can find a finite integer p, such that gp e p. 
Given any primary ideal, we can construct a prime ideal belonging 
to it which contains it; it will consist of all elements / of the ring such 
that some 

Now the theorem about rings fulfilling the basis condition is that 
any ideal can be expressed as the intersection of a finite number of 
primary ideals, 9i, • ■ • , g.; and that if we stipulate that no q is 
superfluous in the intersection, and that to each q corresponds a differ- 
ent prime py then this decomposition is unique as far as the primes 
belonging to the g’s are concerned. Now since the manifold of a 
primary ideal is identical with the manifold of the prime ideal belong- 
ing to it, this shows that we can express any analytic manifold as the 
sum of a finite number of manifolds defined by prime ideals and that 
this can be done in only one way. We know that if the proper ideal 
is prime the manifold is irreducible and if we also know that a prime 



208 


LOCAL ANALYTIC VARIETIES (Chap. X 


ideal must be the proper ideal of the manifold it defines, we have 
proved the theorem. This will be shown later, and is not, in point of 
fact, essential to the theorem if we start by decomposing the proper 
ideal of the manifold in question. 

The second main theorem concerns the local parametric repre- 
sentation of an irreducible analytic manifold; it states that, by proper 
choice of coordinate axes, the manifold can be expressed in terms of a 
subset zi, • • • , 2^ of the coordinates as parameters, the number of 
parameters being half the dimension of the manifold. We make use 
of an algebraic function w; of 21, • • • , 0. defined by 


g(w) = + Aiwf-^ 4 - • * * + = 0 

where the are analytic functions of zi, • • • , z.. Then the remain- 
ing variables z,+i, • • • , z„ are given by algebraic functions of the 
form 


^8+1 


P,+l(w) 

D 


“ ~D~ 

where Pi(w) are polynomials in w of degree less than p and having as 
coefficients analytic functions of the parametric variables, and where 
D is the discriminant of g(w). In this way any set of values of Zi, 

• • • , 2, for which D ^ 0 gives p values for w, any one of which gives 
unique values to 2,4.1, • • • , 

We begin by defining a regular ideal; an ideal a is said to be regular 
with 2i, • • ■ , 2* as independent variables, if 

(i) a contains no element independent of 2*4.1, • • • , 

(ii) iih > ky a contains some element independent of 2Aa.i' • • • 2 

which is regular in 2 a. ^ " 

Theorem 4 . Any ideal can he made regular by means of a non- 
singular linear transformation of coordinates. 

Take an element of a and transform the coordinates, if necessary, 
to make it regular in z^. Now if no element of a is independent of Zn, 
then the ideal is regular, with 2. as the independent variable. If not 
take again an element independent of 2„ and transform 21, • • * , 
2n_i to make it regular in 2n_i. By a repeated use of this process we 
can clearly continue until there is no term independent of 21, • • • ,2*, 
and the ideal will be regular. 
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This means that, given an analytic manifold, we can choose the 
coordinate directions so that its proper ideal is regular. 

Now at each step an element is picked out and made regular in 
z,; by the Weierstrass preparation theorem it is equivalent to a dis- 
tinguished polynomial in z„ and the coefficients will be functions of 
, 2,-1. Obviously this polynomial will also be an element of 
the ideal; we will denote it by 

We now consider the case of a prime ideal which has been made 
regular. Fa can be taken as irreducible as a polynomial in 2,; for if 
it were not, some irreducible factor of it would have to belong to the 
ideal and we could use this instead, as it would also be distinguished 
in 2a. 

Theorem 6. If p is a regular prime ideal j the residue In/p is 
isomorphic to Iklvv+i, ' ' ' Vk] where 17, is an element algebraic over Ik, 
rja will be the residue class containing Za, and the algebraic equation in ri, 
will he distinguished. 

Since we have Fn = 4 - * • * + Ar and Fr, is an 

element of p^ we can consider the corresponding equation between 
residue classes in and we get 0 = Vn 4. . . . _|_ {A.r}. 

We can represent by Rp the ring of residue classes of In/P which 
contains elements independent of Zp-i-i, ' ■ ■ , Zn. Then {Ai) in the 
above equation is an element of Rn-i and we have that In/P ~ Rn-i 
[vn], where the algebraic equation in rjn is the above; it will be irre- 
ducible since Fn is. 

Now making use of Fn-i we show that Fn-i = Rn-ilvn-i]. Even- 
tually we reach the equation F/tH-i == Ffc[i7*+i]. But Rh is isomorphic 
to Ik', for if two different elements of belonged to the same residue 
class, their difference would be a nonzero element of p dependent 
only on (21, • • • , Zk), which is contrary to hypothesis. 

So we have that In/p ^ I k['nk-hi]lvk+2] ' * • hn]. But it is well 
known that successive integral algebraic extensions of a ring are 
equivalent to simultaneous integral extensions, from the principle of 
the transitivity of integral dependence. It will also follow that the 
equations for 77, having coefficients in Ik will be distinguished, since 
each of the equations in the successive extensions is distinguished. 
We may then write In/P ^ Iklvk-i-i, ' ' ' , Vn] and the theorem is 
proved. 

We have In/P ^ Ik[vk-^i, ' ' ' , Vr.]. Let us consider the quotient 
field of this ring; it can be formed since p is prime and the ring is a 
domain of integrity. If A*, is the field of all rational analytic functions 
inzi, • • • , 2a„ it is known that the quotient field A&[i7a:+i» ’ " ' > Vn]; 
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that is, it consists of polynomials in ' ' ' f Vn with coeflGlcienta 

in Ajb. 

It is now easy to show that p must be the proper ideal of its mani- 
fold. If it were not there would be a larger ideal defining the same 
manifold; let g be an element of this, but not of p. Then the residue 
class of gr, {gr} , is an element of J*[r7A:+i, • * * , 77„] and of A*[t 7 *+i, • * • , 
77n] ; since it is not zero it has an inverse {h]y such that { } = 1 . 
{/i} will be a polynomial in rjic^x, ' ' ' , Vn with coefficients in A*: take 
the common denominator of these coefficients as pk, then = 
P(Vk^i 7 • • * , Vn)/Pk 7 where P(ri) is an element of Ik[vk+i, * • • , Vn], 
which is not zero. That is {g]P('n) = Vk which is independent of 
i^k+i} • * * , This means that any ideal containing p and g, 

contains p*, a nonzero function of ( 21 , * * • , 2*). But this imme- 
diately shows that the manifold of any ideal containing p is definitely 
smaller than that of pt and that p is therefore the proper ideal of its 
manifold. In passing it is worth stating that from this it follows 
that if a is such that if it contains /^, it contains /, then it also is the 
proper ideal of its manifold. This is equivalent to asserting the truth 
of the Hilbert N ullstellensatz for analytic functions: namely, that if/ 
vanishes over the common zeros of /i, • • • , /n, then there is some 
positive integer p such that 


P = Xi/i + • • • + Xn/n 

To return to the quotient field Aklvk+ij ‘ ‘ , Vn]. Since 77 . satisfies 

an irreducible equation, the extension is separable, and consequently 
can be generated by the single extension by a primitive element w. 
(See van der Waerden, Moderne Algebra j Vol. 1, p. 120.) We can 
take w = djfc+i’ 7 A:+i + • • * + dnVn where d, lies in /*. 

It is not hard to show that the equation satisfied by w will also 
be distinguished; let it be 

H- -h * * ■ + — 0 


We will designate the discriminant of G by D(zi, • * * , 2 *); since G 
is irreducible this will not be identically zero. It is a known theorem 
of algebra that every element of hk[w\ which is integral over Ik, is 


Wi 


expressible as a: = where &» is in /*. (See van der Waerden, 


Moderne Algehra^ Vol. 2, p. 93.) But it was shown above that tj, 
was integrally dependent on /*, so that we have 


Vm = 


yKp—l 


h’w* 

~D 
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Theorem 6. If we take a set of values for zi, ' • • , Zk for which 
D(zif • • • , Zk) does not vanish ^ then substituting in G{w) we get p 
different solutions for w; choosing any one of these solutions we may find 
the corresponding values of rjk+i, - • • , 77«. Then every such set of 
values (ri; * • • > r*, 77 Jfc+i, • * • , ■>?n) gives a zero of the ideal p, and every 
zero of p for which D 0 is reached by this process. 

We need a preliminary lemma. 

Since the equation for 77. in terms of (21, • • • , z*) is distinguished, 
we can choose values (ai, • • • , a*) for the z's in such a way that 
the corresponding values {bk+i, ■ * • , bn) for the 77’s are so small that 
the point (ai, • • • , fen) lies in any preassigned neighborhood of the 
origin. Now take any element P(zi, * • • , z„) of In, and take any set 
ai, * • * , ak, giving points inside its domain of convergence. We can 
find from these some value Wo of w such that G(wo) = 0, and from this 
construct the values (fe^+i, • • * , bn). The lemma is as follows. 

Lemma 1 . P(ai, • • • , ak, bk+i, • ■ ■ , bn) is equal to the number 
obtained by taking the element of A*[iy] corresponding to P(z), say 

CiW' 


D 


and substituting the values ai, 


ak, Wo, in this. 


We prove the lemma by induction. W^e can see at once that it is 
true for any element independent of (2*4.1, • * * , 2«). Now lets be an 
integer in k < s < n and for purposes of induction let us assume the 
lemma true for all elements independent of (2,+ 1, * * ■ ,Zn). Then we 
shall prove it true for all elements depending only on 2i, • • • , 2,+i. 

Let such an element be P{zi, * ■ * , z«4-i). We have G^«+i(z,4.i) 
an element of p which is a polynomial in 2,4.1 with coefficients in /*; 
it is distinguished and so we can put P{z\, • • • , 2,4.1) = H • 

(2.4.1) + Ciz«-i + • • • + Cfl, where C* depends only on (zi, • • • ,z.). 

When we put in the values ai, * • • , a*, fe*4-x, • ’ • , fe«4-i) ^*+1 is 
equal to zero from the method of constructing the value 6,4-1. So 


P(a 




fe.4-i) = C'i(ai, 


h.)br^ 




+ 


+ C«(ai, 


fe.) 


But from the hypothesis of the induction C»(ai, ’ ' * , b,) is equal to 
the value of the corresponding element of Ajfc[i^], and 6,4.1 is precisely 
the value of 77.4-1, the element corresponding to 2,4.1; further the ele- 
ment corresponding to ^,4.1 is the zero element, since G,4.i is in p, so 
that P(ai, • • • , 6,+i) is equal to the value of the corresponding ele- 
ment of Ak[w] evaluated for ai, • • • , ak, wo- 

From this lemma it immediately follows that any set of values 
((Xi, * ’ * > ak, 6*4-1, " * " j hn) , w'here the fe s are calculated from some 
values of w, gives a point of the manifold of P^ 
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In order to show that any point (oi, • • ■ , ot, h+i, of 

the manifold for which D(oi, • • • , dt) 5 ^ 0, is a point of this kind, 
we consider the equation for w: 

W = d*+l(Zl, ■ • • , Zk)l]k+l -f • • • + dn{zi, • • • , Zte)rin 

Construct now W{zi, • • • , 2 „) = 4 + 1 ( 21 , • • • , 24 ) 2 *+! + ■ • • + 
4(2i, • ■ • 2 t) 2 „. We had that G{w) = 0 in Aj,[w], and consequently 
( W) is an element of p. Putting in the values of (di, ■ ■ ■ , bn) since 
this is _a point of the manifold, (?(pr(di, • • • , 4)) = 0. Let W(di, 

• • • , 4) = Wo, then (?(wo) = 0. But the coefficients of G{wo) depend 
only on di, • • • , d*, so that wo is a value of w for this set of fl’s. 

Consider now m = 4(w)/D in At[w]; this implies that [i)( 2 i, 

• • • , 2 t) 2 ,- - /ii(w)] is an element of p. Therefore 

D{ai, • • • , di)4 - 4(wo) = 0, or 4 = 

I>(4, • • ■ , 4) 

This shows that the b's are derived in the normal way for some value 
of to dependent on the d’s. In short, any zero of the manifold for 
which D(ai, ■ ■ ■ , ct) 5 ^ 0 is of the form 

, hh+i(wo) 


b 



4(lOo) 


D 


where u'o is some value of G(w) = 0; and any set of values of this form 
is a zero of the manifold. 
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17 
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Cauchy- Riemann equations, 36 
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circular domains as representative 
domains, 120 
circular group, 10 
circular type, domains of, 78 
class 111 
closed linear subspace, 118 
closed, weakly, 12 
common zeros, 206 
compact group, 15 
compact, weakly, 12 
complete, 121 

completion; analytic, 64; geometric, 66; 

z-completion, 67 
completion of tubes, 96 
concentric and co-axial rectangles, 97 
conical domain, 77 
conjugate complex variables, 36 
constant coefficients, 161 
continuation, analytic, 34, 137 
continuity of an analytic function, 31 
continuity of group product, 20 
continuity theorem, 69 
continuous convergence, 48 
convergence to the identity, 16 
convergent, weakly, 12 
convex cone, 131 
convex domains, 70 
convex function of log ri, , log r*, 
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convexity; analytic, modified, 72 
coordinate space; real analytic, com- 
plex analytic, 54 
crescent-shaped wedges, 97 
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degenerate, 182 
degree of an element, 190 
derivatives of an analytic function, 
31 

differentiability properties of approxi- 
mations, 111 
differential form, 122 
dilations of a circular domain, 146 
discriminant, 195 
disks, 78 

distinguished polynomials, 190, 192 
domain; circular, 78; of circular type, 
78; multi-circular, 81; of multi-circu- 
lar type, 81 ; of absolute convergence, 
81; of continuous convergence, 78; 
smallest convex, 131; equivalent, 
120; Hartogs, 78; radiated, 75; of 
regularity, 85; Reinhardt, 81; repre- 
sentative, 120; star, 88 
dominated convergence, 104 

elliptical polycylinder, 92 
enlarged concept of Lebesgue integrals, 
104 

environment, real, 33 
equivalence in /*,, 192 
eqmvalent domains, 120 
exceptional set, 171 
exponential growth, 126 
extension of rings; separable, simul- 
taneous integral, successive integral 
algebraic, 209-211 

family, majorized, 40, 51 
Fatou, 45 

finite-dimensional vector space, 117 
fixed point, 50 

formal power series, 3; order of a term 
of, 3; ring of, 3; vanish, 3 
Fourier integrals, multiple, 128 
frontier, property, 84 
Fubini’s theorem, 105 
functional relation, 174 
functions, implicit, 39 
functions of mixed variables, 35 
functions of real variables, 33 


generalized solutions, 158 
group; Abelian, 156; adjoint, 156; 
bounded, 17; circular, 10; compact, 
15; product, continuity of, 20; of 
transformations, 9 
group invariant measure, 22 

Hadamard, 152 

Hadamard's three spheres theorem, 
59 

half-plane function, 147 
half-planes, 147 
Hardy’s theorem, 125 
harmonic function, 103, 162 
Harnack’s theorem, 135 
Hartogs, 103 
Hartogs’ domain, 78 
Hartogs’ domains, largest and maximal, 
143 

Hartogs’ function, 143 
Hartogs’ main theorem, 137 
Hilbert spaces, 121 
homeomorphism, analytic, 45 
homorphism, 10 
hull, convex, 90 

hypersphere, analytic completion of the 
exterior of, 71 

ideal, 204 

implicit functions, 39 
inequality of Jensen-Hartogs, 103 
inner product, 123 

inner transformations, inner mappings, 
6; determinant of, 9 
integrability, 20 
integrable square, 130 
integrity, domain of, 191 
invariance of minimal functions, 119 
inverse, 10; left, right, 10 
invertible, 13 
irreducible, 193 
irreducible manifold, 206 
isomorphism, 10 
iterated transformation, 13 

Jacobians, 38, 173; identical vanishing 
of, 174; non-vanishing of, 174 
Jensen, 103 

Jensen’s inequality, 135 
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kernel, 109, 122 

Z/p-norm, 116 

Laplace equation, 163 

largest Hartogs domain, radii of, 143 

Laurent series, 90 

Levi, E. E., 41 

Levi's condition, 72 

Lie group, complex, 154 

limit of strict solutions, 164 

limit transformation, 182 

limit, weak, 12 

linear differential operator, 159 
linear part of a transformation, 10 
Lipschitz condition, 171 
local analytic varieties, 204 
local boundedness, 139 
locally compact family, 89 
locally connected at a boundary point, 
87 

lower semi-continuous, 76 

majorized family, 40, 51 

manifold characteristic, 194 

mapping, allowable, 54; topological, 45 

matrix of operators, 165 

matrix, unitary, 58, 155 

maximal domains, 75 

maximal from below, 77 

maximal from below and above, 78 

maximal Hartogs domain, radii of, 143 

maximum, 75 

maximum on the boundary, 107 
Menchoof-Looman, 166 
meromorphic function, 152 
meromorphy, radius of, 151 
minimal element, 1 19 
minimal functions, 119 
modified convexity, 72 
monotone convergence, 135 
multi-circular type, domains of, 81 
multi-periodic function, 90 
multi-torus, 156 
multiple Fourier integrals, 128 

non-degenerate transformation, 23 
non-singular transformation, 10 
norm, Lp, 116 
norms of polynomials, 24 


null-divisor, 4 
nullifiers, 166, 168 

octant, 132 
operator, 159 
orbit, 78 
order, 3 

orthogonal systems, 121 
Osgood, W. F., 139 

partial differential equations, general- 
ized solutions of, 158 
partial ordering, 75 
Peschl, E., 23 
Phragmen-Lindeldf, 125 
Picard, 45 
Plancherel, 128 
plane, supporting, 86 
Poincai<5, H., 109 
Poisson's integral, 163 
Poisson kernel, 103 
Poisson kernel, generalized, 136 
polycylinder circular, 30; generalized, 
31 

polynomials, norms of, 24 
power-series, formal, 3 
preparation theorem, Weierstrass; proof 
for formal power series, 183-188; 
proof from analytic consideration, 
188-190 

primary ideal, 207 
prime ideal, 206 
proper ideal, 205 

quotient, 183, 189 
quotient field, 209 

quotient of two analytic functions, 152 

radiated, point-set, domain, 75 
radius of meromorphy, 151 
rate of growth of kernel, 123 
rational functions on product domains, 
199 

reciprocal relations, 150 

rectangles, concentric and co-axial, 97 

rectifiably connected, 113 

reducible, 193 

regular clement, 191 

regular ideal, 208 
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regularity, domain of, 85 
Reinhardt analytic completion, 82 
Reinhardt domain, 81 
relative completion, 89 
removable singularity, 168, 169 
representative domains of Bergman, 120 
residue class, 269 
retrosection, complete, 66 
Riemannian distance, 122 
ring, 3 

Riickert, W., 264 

Schwarz's lemma, 59 
semi-group, 6 
series, formal power, 3 
Severi, F., 69 
similar transformation, 17 
similarity, 12 

smallest convex domain, 131 
spherical surfaces, mappings of 55 
star domain, 88 
strict solution, 160 
subharmonic function, 145 
subspace, 118 
supporting plane, 86 
supremum, 109 
surface integrals, 124 
symbolic derivative, 37 
symmetric function, 189, 199 

systems of (differential) equations 
169 


testing function, 160 
topological mapping, 45 
topology, weak, 11 

transformation, inner, 6; iterated, 13; 
limit, 182; linear part of, 10; non- 
degenerate, 23; non-singular, 10; 
similar, 17 
tube, 90 

unbounded function at a boundary 
point, 84 

uniqueness, 13, 34, 48 
unit, 190 

unitary matrix, 58, 155 
unitary vectors, 57 
upper semi-continuous, 76 

varieties, local analytic, 204 
vectors, unitary, 57 
volume integrals, 116 

weak, weakly; see topology, convergent, 
limit, closed bounded, compact 
wedges, crescent-shaped, 97 
Weierstrass, 45 

Weierstrass preparation theorem, 183 
weight, 7 
Weil, A., 109 

well-ordered sequence, 75 


zeros of an analytic function, 173 




